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Abstract We show that the centers of the excircles of a bicentric polygon B are concyclic
on a circle . The center of the circumscribed circle K of B is the midpoint of the center of
FE and the center of the inscribed circle C of B. The radius of F is given by a simple formula
in terms of the radii of C' and K and the distance between their centers.
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1 Introduction

A polygon that is inscribed in a circle K and circumscribed around a circle C' is called
a bicentric polygon. Clearly all triangles are bicentric. If Rx and R¢ are the radii of the
circumcircle K and incircle C' of a triangle, and d the distance between their centers, then the

Chapple-Euler relation
1 1 1

Ric—d  Rx+d Ro
holds (see [11, 21]). A convex quadrilateral is bicentric if it satisfies Fuss’s condition
1 1 1
3 T 2~ P2
(Rx —d)?>  (Rk +4d) RZ
(see, e.g., [7, Problem 39]). Fuss [17], Euler [11], and Steiner [8] found formulas relating the
radii of C' and K and the distance between their centers such that the circles carry a bicentric

(1.1)

(1.2)

polygon for up to 10 vertices. Later, Jacobi [2], Richelot [4] and Kerawala [19] used elliptic
functions to solve the problem for a general number of vertices. Also note that the circles K and
C of a bicentric polygon form a Poncelet pair, i.e., every point of K is the vertex of a bicentric
polygon inscribed in K and circumscribed around C. Poncelet’s porism holds more generally
for pairs of conics, not necessarily disjoint and possibly nested (see, e.g., [13] for a simple proof,

and [12, 20] for a comprehensive treatment of Poncelet’s porism). Bicentric polygons have been
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studied from various viewpoints, and we refer the interested reader to the respective literature:
see [16] and the references therein, or [5, 9, 18]. In this article we would like to add a geometric

property of bicentric polygons that seems to be new.

It is well known that the centers of the excircles of a convex quadrilateral are concyclic.

See Figure 1 for a short proof.

Figure 1  The centers of the orange excircles of a convex quadrilateral A; A2 A3 A4 are concyclic. The
thin black lines are the external angle bisectors of the quadrilateral. Their intersections,
the points My, Ms, Ms, My, are the centers of the excircles. The excircle with center M;
touches the side a; and the extended sides a;,—1 and a;+1. The sum of opposite angles,

e.g. in M; and Ms, equals w. Hence, M1, M2, M3, M4 lie on a circle.

By an excircle of a convex polygon we mean a circle that is tangent to one side of the
polygon and the extensions of the two adjacent sides!. Below, we will extend the notion of
excircles to general, non-convex and even self-intersecting polygons. This is necessary so that
we can state our main Theorem 2.1 in its full generality. Notice that the centers of the excircles
of a convex polygon with more than four vertices are in general not concyclic. However, it
turns out that bicentric polygons have exactly this property: See Theorem 2.1 in Section 2, and

Figure 2 for the case of a bicyclic pentagon.

In Section 3, we examine the case of bicentric quadrilaterals more closely. And in Section 4,
we show that the ratio of the areas of the bicentric polygon B and the polygon P given by the
centers of the excircles equals the ratio of the radii of the incircle of B and the circumcircle of
P.

1Sometimes such circles are called escribed circles.
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Figure 2 Illustration for the theorem. The centers of the orange excircles of the brown bicentric
pentagon are concyclic on the red circle E. The center Mg of the circumcircle K is the

midpoint of the center Mg of E and the center M¢ of the inscribed circle C.

2 Main result and proof

Before we state the main result, it is necessary to fix the general framework. For the
definition of a polygon, we follow [3, §3.1]: For n > 3, a polygon or n-gon consists of n points
(the vertices) Aj, As,..., A, and n straight lines (or sides) a1, as, ..., a, such that for each

i€ {l,...,n} we have
e A; and A;; are distinct and lie on a;,
e q; and a;y; are distinct and meet in A;41.

Here and in the sequel indices are always read cyclically. Note that we allow our polygons to
be non-convex and even self-intersecting, and that the sides are extended straight lines, not
only the segments between two vertices. The polygon is called cyclic if all its vertices lie on a
circle (the circumcircle) K. The polygon has an inscribed circle C' if all its sides are tangent
to C. The polygon is bicyclic, if it has both a circumcircle and an inscribed circle. In every
vertex of a bicyclic polygon, we have two orthogonal angle bisectors of the sides meeting in that
vertex. One of them is incident with the center of the inscribed circle and is called internal
angle bisector, the other one is called external angle bisector. The external angle bisectors in

adjacent points A;, A;11 meet in the center M; of the excircle touching the sides a;_1,a;, and
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a;+1 (see Figure 3).

Figure 3 Internal angle bisectors (blue) meeting in the center M¢ of the inscribed circle C'. External
angle bisectors (black) meeting in the center M; of the excircle (orange) that touches the

sides Ai—1,Qgy Aj41-

Now we can state the main result.

Theorem 2.1 Let B be a bicentric polygon, inscribed in a circle K and circumscribed
around a circle C'. Then the centers of the excircles of B are concyclic on a circle £. The center
of K is the midpoint of the centers of C and F. The radius Ry of E is given by

|R2 — &
= Ro
where Ry, Rc are the radii of K and C, respectively, and d is the distance between their

Rp (2.1)

centers.

In the simplest case, consider a triangle A;AsAs with incircle C, circumcircle K, and
centers My, Mo, M3 of its excircles. Then, the center of C is the orthocenter of the triangle
My MsMs, and the center of K is the center of Feuerbach’s nine-point circle of the triangle
My MsMs. Hence the theorem reduces in this case to the well known properties of the Euler
line. In particular, combining (2.1) and (1.1) we get

2, D (R%R; @)* (L)
C
(R% — d*)*(2Rk)*
(Rg — d)*(Ri + d)?

This is the fact that the radius of the Feuerbach circle is half the radius of the circumecircle of

=4R3.

a triangle.
Similarly, for convex quadrilaterals, we get by (2.1) and (1.2) a simple formula which directly
links R to Ri and d:
g2 @D (Ri —d*)” (2)
(Ri — d*)*(2R% + 2d°) 2,
= =2(R d-). 2.2

The case of a bicentric convex quadrilateral will be addressed again in Section 3.

In the proof of Theorem 2.1 we need the following lemma which is of interest in itself.
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Lemma 2.2 Let C be a circle with radius Rc and center My, K a circle with radius
Ry and center My, and d the distance between M and My . Let ¢t be a tangent to C' which
intersects K in the points P, P». Then the center M of the circumcircle D of the triangle
Mo Py P, lies on a circle F' with center My and radius
R -

R
F 2RC )

(2.3)

independent of ¢ (see Figure 4).

Figure 4  Illustration for the lemma.

Remark. If d < Rx = Rp in (2.3) then C and F form a Poncelet pair for triangles. This follows
by comparing (1.1) and (2.3).
Proof of Lemma 2.2 We assume that d < Rg in the following arguments. The case
d > Ry is similar, and the case d = Ry is trivial.
Let @ be the intersection of the line Mp My with t, and Rp the radius of D. In the right
triangles PyQMp (used in the first line) and PiQMg (used in the second line) we have
R}, = [PIMp|* = |P1QP + |MpQJ?
= (Rk — IMxQI*) + (|IMpMk| + |MkQ|)*
= Ri + |Mp M |* £ 2| Mp Mk || Mk Q). (24)
Here, depending on which side of ¢ the point M lies, one chooses the sign in the term +| Mg Q|

in the second line.
Similarly, if we denote the point at which the tangent ¢ touches the circle C' by P, we find

RY = |McMp|* = |PQ|* + (Rc + [Mp M| + |MkQ)|)?
= (d® - (Rc £ |MkQ|)*) + (Rc + |[Mp M| + | Mk Q)
=d* + |MpMg|? +2|MpMg|(Rc + |[MKQ)). (2.5)
Equating the terms in (2.4) and (2.5) and simplifying gives
R2. = d* + 2|MpMg|Rc. (2.6)
&\ Springer
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Hence |MpMgk| =: Rr does not depend on ¢, and (2.3) follows from (2.6). O
Now we are ready for the proof of the Theorem.

Proof Consider one side of the bicentric polygon, say P; P», as indicated in Figure 5. The
black lines in the vertices of the brown bicentric polygon are the external angle bisectors, and
their intersections the centers of the excircles of the bicentric polygon, e.g., the point N. The
dotted internal angle bisectors meet in M and are orthogonal to the external angle bisectors.
Hence the circumcircle D of the triangle M P; P; is the circle of Thales over the segment Mo N.
According to Lemma 2.2 its center Mp lies on the circle F' around Mg with a fixed radius Rp
given by (2.3), independent of the side of the bicentric polygon. It follows by a homothety with
center M¢ and factor 2 that IV lies on a circle E around the point Mg with radius 2Rg. This
finishes the proof. O

Figure 5  Proof of the theorem.

Notice that it is not necessary that C lies inside K. Figure 6 illustrates the theorem for a
bicentric pentagon if C' and K intersect. Figure 7 shows the situation for a bicentric octagon if
C lies outside of K.

As a last remark we mention the following dynamic aspect of the main theorem. Since
the inscribed circle C' and the circumcircle K of a bicentric polygon form a Poncelet pair,
we can choose any point on K as a vertex of a bicentric polygon with inscribed circle C' and
circumcircle K. It follows from the main theorem that the centers of the excircles of this new
bicyclic polygon still lie on the same circle E. Stated differently, if we move a vertex along K
the centers of the excircles roll along F.
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Figure 6  The theorem with C and K intersecting. The thin black lines are the external angle
bisectors in the vertices of the brown bicentric pentagon. Their intersections, the centers of
the excircles My, ..., M5 of the pentagon, are concyclic on the circle E. To avoid overloading

the figure, only the orange excircle with center M; has been drawn.

Figure 7  The theorem with circle C' outside of K. The thin black lines are the external angle
bisectors in the vertices of the brown bicentric octagon. Their intersections, the centers of

the excircles of the octagon, are concyclic on the circle E.
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3 Bicentric convex quadrilaterals

Bicentric convex quadrilaterals have been widely studied, see, e.g., [1, 6, 10, 14, 15]. Here
we want to interpret the relation (2.2) geometrically. We start with the following lemma which
is of some independent interest.

Lemma 3.1 Let A;A3A3A4 be a bicentric convex quadrilateral, M¢c the center of its
incircle, and My, My, M3, M, the centers of the excircles. Then the diagonals of the quadrilateral
M MsMs My intersect perpendicularly in Me.

Proof As we have seen in the proof of Lemma 2.2, A; and A;41 lie on the circle of Thales
with diameter M; M¢ (see Figure 8).

Figure 8 Proof of Lemma 3.1.

Therefore we have
<<MyMcM, = <MyMcA, + <A1 Mo M,

<IM4A4A1 + <IA1A2M1
™ <1A1A4A3 m <IA3A2A1

—G-—5 G5 )

1
=7 — §(<IA1A4A3 + <1A3A2A1)
e

5"
By shifting the indices cyclically, we get the desired result. d

Now we can interpret the relation (2.2) which connects the radii of the circles £ and K
with the distance d of their centers geometrically:

R%Z = 2(R% + d?). (2.2)
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Proof of relation (2.2) According to Poncelet’s theorem, we can move A4; along K until
it coincides with the line ¢ through the points Mg, M, Mg. In this position, the points Ay, Ay

lie symmetrically with respect to ¢ and hence Aj also lies on £ (see Figure 9).

Mo

Figure 9  Proof of relation (2.2).

By Lemma 3.1, the triangle My MM, is now an isosceles right-angled triangle. A; is the
midpoint of the segment M7 My, so the two triangles M1 Mc A, and Ay Mc M, are also isosceles
right-angled triangles. Pythagoras in the triangle A1 M7 Mpg yields

R% = |MiMg|* = |MpA|> + |A1 My )? = (Ri +d)* + |A1 Mc|* =
= (Rx +d)? + (Rx — d)* = 2(R% + d%),
as desired. O

4 The area ratio of a bicentric convex polygon and its excenters poly-
gon

It turns out that bicentric polygons have another nice property. This observation was

originally formulated as a conjecture by a colleague.

Theorem 4.1 Let A As ... A, be a bicentric convex polygon, R¢ the radius of its incircle,
My M, ... M, the polygon formed by the centers of the excircles, and Rg the radius of its

circumcircle. Then, we have
area A1As ... A, Rc

area MiMs ... M, Rg
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Proof As before, we denote the center of the incircle of A1 As ... A,, by M¢ and the center
of the circumcircle of MM, ... M, by Mg. Observe that the lines Mg M; are perpendicular to
the sides a; = A;A;41 of the bicentric polygon. To see this, look again at the homothety with
center Mo and factor 2 that we used in the proof of Theorem 2.1, and go back to Figure 5:
The line M Mp is the perpendicular bisector of the line segment P;P,. By the homothety,
the line Mg Mp is mapped to the line Mg N, which is therefore also perpendicular to P Ps.

Consider now the orthodiagonal quadrilateral Mg A; M;A; 11 (see Figure 10 where the case

1 =1 is shown).

Figure 10  The ratio of the red and the blue area is independent of the position of the starting point
A; of the Poncelet polygon A1As... A, on K.

Its area is given by
1
area Mg A; M;A;q = 5 e REg.

Here a; denotes the length of the side A;A;41. Similarly we have for the area of the triangle
Mo AiAiq
area Mo A;Ajy1 = % -a; - Re.
This leads us to
area McA; A1 Rc

area MEAzMzAz+1 - R_E
and then, by taking the sum over ¢, to the desired result

area A1 Ao ... A, Rc

area My M, ... M, Rg

O
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