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We examine pairs of closed plane curves that have the same closing property as
two conic sections in Poncelet’s porism. We show how the vertex curve can be
computed for a given envelope and vice versa. Our formulas are universal in the
sense that they produce all possible sufficiently regular pairs of such Poncelet
curves. We arrive at similar results for sets of curves, analogous to the pencil of
conic sections in the full Poncelet theorem. We also study the case of Poncelet
curves that carry Poncelet polygons which are equiangular or even congruent.

1 INTRODUCTION

A popular version of Poncelet’s porism reads as follows:

Theorem 1. Let 𝐾 and 𝐶 be nondegenerate conics in general position which neither meet nor intersect. Suppose there is an
𝑛-sided polygon inscribed in 𝐾 and circumscribed about 𝐶. Then for any point 𝑃 of 𝐾, there exists an 𝑛-sided polygon, also
inscribed in 𝐾 and circumscribed about 𝐶, which has 𝑃 as one of its vertices.

See, for example, Halbeisen and Hungerbühler [1] for an elementary proof of the theorem and refs. [2, 3] as general
references. In this article, we investigate pairs of curves which have the same closing property as the conics 𝐾 and 𝐶 in
Theorem 1:

Definition 2. Let 𝐾 and 𝐶 be closed curves in the Euclidean plane ℝ2. If every point 𝑄 ∈ 𝐾 is a vertex of an 𝑛-gon 𝑃
inscribed in 𝐾 and circumscribed about 𝐶, then (𝐾, 𝐶) is called a Poncelet pair, and 𝑃 a Poncelet polygon. The curve 𝐾 is
called vertex curve, the curve 𝐶 is called envelope. Here, circumscribed also allows that the prolongation of the sides of 𝑃
are tangential to 𝐶.

There is also the following, lesser known, full form of Poncelet’s theorem (see ref. [2, Theorem 5.2] and Figure 1 on the
left):

Theorem 3. Let the conics 𝐾,𝐶1, … , 𝐶𝑛 belong to a pencil. If a polygon 𝑃 inscribed in 𝐾 exists such that each of its sides is
tangent to one of the conics 𝐶1, … , 𝐶𝑛, then infinitely many such polygons exist which touch the conics 𝐶1, … , 𝐶𝑛 in the same
order as 𝑃.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2025 The Author(s). ZAMM - Journal of Applied Mathematics and Mechanics published by Wiley-VCH GmbH.

Z Angew Math Mech. 2025;105:e70225. www.zamm-journal.org 1 of 16
https://doi.org/10.1002/zamm.70225

https://orcid.org/0000-0001-6191-0022
https://orcid.org/0000-0002-1310-7929
mailto:norbert.hungerbuehler@math.ethz.ch
http://creativecommons.org/licenses/by/4.0/
http://www.zamm-journal.org
https://doi.org/10.1002/zamm.70225
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fzamm.70225&domain=pdf&date_stamp=2025-10-15


2 of 16 HUNGERBÜHLER and WASEM

F IGURE 1 Theorem 3 for triangles with sides 𝑎1, 𝑎2, 𝑎3 tangent to 𝐶1, 𝐶2, 𝐶3 on the left, and Theorem 4 for triangles with vertices
𝐴1,𝐴2, 𝐴3 on 𝐾1, 𝐾2, 𝐾3 on the right.

The dual form of this theorem is usually not mentioned in the literature. The reason being that the dual of the pencil
generated by two conics is not the pencil generated by the duals of the two conics (see ref. [4]). Therefore the dual of
Theorem 3 is slightly less elegant compared to its original (see Figure 1 on the right):

Theorem 4. Let 𝐶,𝐾1, … , 𝐾𝑛 be conics such that their duals belong to a pencil. If a polygon 𝑃 circumscribed about 𝐶 exists
such that each of its vertices belongs to one of the conics𝐾1,… , 𝐾𝑛, then infinitelymany such polygons exist which have vertices
on the conics 𝐾1,… , 𝐾𝑛 in the same order as 𝑃.

Definition 5. Generalizing Definition 2 we will call curves (𝐾, 𝐶1, … , 𝐶𝑛) which have the closing property described in
Theorem 3 or curves (𝐶, 𝐾1, … , 𝐾𝑛) which have the closing property in Theorem 4 a Poncelet clan.

For the case when the vertex curve 𝐾 is a circle, Poncelet pairs (𝐾, 𝐶) were first considered in ref. [5] and ref. [6] in the
context of numerical ranges of matrices, and later intensively studied in refs. [7–11] and [12, §5 and §7] and the survey
paper [13]. Another approach to Poncelet pairs (𝐾, 𝐶) where 𝐾 is again a circle and 𝐶 an algebraic curve uses Szegő
polynomials and is described in ref. [14]. For a circle 𝐾, the corresponding envelope 𝐶 may also be constructed using
Blaschke products (see refs. [15]). While these methods seem to be limited to the special case where the vertex curve 𝐾 is
a circle, we will take a more direct geometric point of view here and consider methods to generate general Poncelet pairs
and clans.
This article is organized as follows. In Section 2, we consider Poncelet pairs and clans with particularly nice geometric

properties. In Section 3, we will construct Poncelet pairs and clans when either the vertex curve is prescribed, or when the
envelope is prescribed. The formulas we develop are universal in the sense that any sufficiently regular Poncelet pair can
be generated using the approach we present.

2 EQUIANGULAR PONCELET POLYGONS

In Section 2.1, we will consider Poncelet pairs (𝐾, 𝐶)with Poncelet polygons whose external angles are all identical. Theo-
rem 6 describes the general solution for this situation. A special case occurs when the Poncelet polygons of (𝐾, 𝐶) are not
only equiangular, but even equilateral and all congruent. This situation is covered in Theorem 9. In Section 2.2, we will
consider equiangular Poncelet polygons for Poncelet clans (𝐶, 𝐾1, 𝐾2, … , 𝐾𝑛).

2.1 Equiangular pairs

If the external angles of each Poncelet polygon are equal and independent of the starting point, then we say that the
Poncelet pair (𝐾, 𝐶) is equiangular.
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F IGURE 2 The support function 𝑝 of the curve 𝐶.

F IGURE 3 Construction of equiangular Poncelet pairs.

Theorem 6. If 𝐶 is a closed 𝐶2 curve in the Euclidean plane with nonvanishing curvature and total curvature 2𝑘𝜋, where
0 < 𝑘 ∈ ℕ, and 0 < 𝛼 < 𝜋 is commensurable with 𝜋, then there exist 2𝑘 closed curves𝐾𝑖 , 𝑖 = 0, … , 2𝑘 − 1 such that (𝐾𝑖, 𝐶) is
an equiangular Poncelet pair with angle 𝛼.

Proof. We can assume that 𝐶 is parametrized by

𝐶 ∶ [0, 2𝑘𝜋) → ℝ2, 𝜑 ↦ 𝑋(𝜑) = 𝑝(𝜑)𝑢(𝜑) + 𝑝′(𝜑)𝑢′(𝜑) (2.1)

for a 𝐶2 support function 𝑝 ∶ [0, 2𝑘𝜋) → ℝ as indicated in Figure 2. Here 2𝑘𝜋 is the total curvature of 𝐶, 𝑢(𝜑) =
(cos(𝜑), sin(𝜑)), and 𝜌(𝜑) = 𝑝(𝜑) + 𝑝′′(𝜑) > 0 is the radius of curvature of 𝐶 in the point 𝑋(𝜑) (see, e.g., ref. [16]).
The condition that the circumscribed Poncelet polygon has external angle 𝛼 translates into the equation

𝑝(𝜑)𝑢(𝜑) + 𝑞(𝜑)𝑢′(𝜑) = 𝑝(𝜑 + 𝛼)𝑢(𝜑 + 𝛼) + 𝑠(𝜑)𝑢′(𝜑 + 𝛼) (2.2)

for some function 𝑠 (see Figure 3). By multiplying Equation (2.2) by 𝑢(𝜑 + 𝛼), we get

𝑞(𝜑) = csc(𝛼)
(
𝑝(𝜑 + 𝛼) − cos(𝛼)𝑝(𝜑)

)
, (2.3)

and hence

𝐾 ∶ [0, 2𝑘𝜋) → ℝ2, 𝜑 ↦ 𝑌(𝜑) = csc(𝛼)
(
𝑝(𝜑 + 𝛼)𝑢′(𝜑) − 𝑝(𝜑)𝑢′(𝜑 + 𝛼)

)
(2.4)

 15214001, 2025, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/zam

m
.70225 by E

T
H

 Z
ürich, W

iley O
nline L

ibrary on [16/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



4 of 16 HUNGERBÜHLER and WASEM

F IGURE 4 Illustration for Theorem 6. Solutions for 𝑘 = 1: On the left an equiangular Poncelet triangle, shown in two positions. On the
right an equiangular Poncelet hexagon. Both solutions have external angle 𝛼 = 2𝜋∕3. The hexagon can also be seen as a hexagon with
external angle 𝛼 = 𝜋∕3.

is an explicit 𝐶2 parametrization of a possible vertex curve 𝐾. Note that Equation (2.4) also yields a vertex curve such that
the Poncelet polygon has external angle 𝛼, if it is applied to the angle 𝛼𝑖 = 𝛼 + 𝑖𝜋, 𝑖 = 0, … , 2𝑘 − 1. In this way, we obtain
2𝑘 Poncelet pairs (𝐾𝑖, 𝐶), where

𝐾𝑖 ∶ [0, 2𝑘𝜋) → ℝ
2, 𝜑 ↦ 𝑌𝑖(𝜑) = csc(𝛼𝑖)

(
𝑝(𝜑 + 𝛼𝑖)𝑢

′(𝜑) − 𝑝(𝜑)𝑢′(𝜑 + 𝛼𝑖)
)
. (2.5)

See Figure 4 for an example with 𝑘 = 1, 𝛼 = 2𝜋∕3. □

Remark 7. The Poncelet polygons in the Poncelet pair (𝐾𝑖, 𝐶), 𝑖 = 0, … , 2𝑘 − 1, in Theorem 6 are given as follows: The
Poncelet polygon with starting point 𝑌𝑖(𝜑) ∈ 𝐾𝑖 has the vertices 𝑌𝑖(𝜑 + 𝑗𝛼𝑖), where 𝑗 = 0, 1, … ,𝑚 − 1. Here𝑚 is minimal
such that𝑚𝛼𝑖 is a multiple of 2𝑘𝜋. This implies that this Poncelet polygon has

𝑚 =
2𝜋

𝛼𝑖
lcm

( 𝛼𝑖
2𝜋
, 𝑘
)

(2.6)

vertices. We adopt the notation lcm for the least common multiple.

The vertex curves constructed in Theorem 6 may exhibit singularities. However, the following theorem shows that this
only occurs in very special cases.

Theorem8. If the given envelope𝐶 has no self-intersections, then the vertex curve𝐾𝑖 in Theorem 6 is regular. If the given enve-
lope𝐶 has self-intersections and all intersection angles are different from the angle 𝛼𝑖 , the vertex curve is regular. A singularity
of 𝐾 can only occur in a self-intersection of 𝐶.

Proof. If we take the derivative in Equation (2.5), we find

𝑌′
𝑖
(𝜑) = csc(𝛼𝑖)

(
𝑝′(𝜑 + 𝛼𝑖)𝑢

′(𝜑) − 𝑝(𝜑 + 𝛼𝑖)𝑢(𝜑) − 𝑝
′(𝜑)𝑢′(𝜑 + 𝛼𝑖) − 𝑝(𝜑)𝑢(𝜑 + 𝛼𝑖)

)
.

We fix the parameter 𝜑. By shifting the origin 𝑆 to a point on the curve 𝐶 and rotating the coordinate system, we may
assume 𝜑 = 0 and 𝑝(0) = 𝑝′(0) = 0. Hence, a singularity 𝑌′

𝑖
(0) = 0 can only occur, if 𝑝(𝛼𝑖) = 𝑝′(𝛼𝑖) = 0. □

An example of a singular vertex curve is shown in Figure 5.
Observe that the proof of Theorem 6 yields explicit formulas (2.1) and (2.4) for an equiangular Poncelet pair (𝐾, 𝐶).

A simple but particularly interesting family of examples is obtained by choosing 𝑝(𝜑) = 𝑎 + 𝑏 cos(𝓁𝜑). Multiplying 𝑝
by a constant results in a homothety of the curves 𝐶 and 𝐾, hence we may assume 𝑏 = 1 in the sequel. The condition
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F IGURE 5 An example of a vertex curve 𝐾 with singularities (cusps) for a Poncelet pair (𝐶, 𝐾) which carries rectangles, that is, Poncelet
polygons with exterior angle 𝛼 = 𝜋∕2. The reason for the singularities is that the envelope 𝐶 has self-intersections with intersection angle of
the same size 𝜋∕2. Note that here the extensions of the sides touch the envelope.

F IGURE 6 A Poncelet pair with 𝑘 = 1, 𝑛 = 3, 𝑝(𝜑) = 8

5
+
1

2
cos(2𝜑) on the left, the design of a Wankel engine on the right.

𝑝(𝜑) + 𝑝′′(𝜑) > 0 is satisfied if we choose 𝑎 > 𝓁2 − 1 if 𝓁 > 1, and 𝑎 > 1 − 𝓁2 if 0 < 𝓁 < 1. In this situation, we get by
Equation (2.4) for 𝓁 = 2, 𝛼 = 2𝜋

3
, the Poncelet pair

𝐶 ∶ [0, 2𝜋) → ℝ2, 𝜑 ↦ 𝑢(𝜑)(𝑎 + cos(2𝜑)) − 2𝑢′(𝜑) sin(2𝜑)

𝐾 ∶ [0, 2𝜋) → ℝ2, 𝜑 ↦ 2𝑎𝑢(𝜑) − 𝑢(3𝜑).

Hence, the vertex curve 𝐾 is an epitrochoid. It turns out that the Poncelet triangle in this case is not only equiangular, but
even equilateral. This is a special case of Theorem 9 below. Figure 6 shows on the left an example with 𝑎 = 8

5
. Observe that

for 𝑎 = 2 +
√
3, we get the classical design of a Wankel engine (see Figure 6 on the right): Here, the constant 𝑎 is chosen

as the smallest value such that a Reuleaux triangle can turn inside the vertex curve 𝐾. In general, we have the following.
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F IGURE 7 AWankel engine with three combustion chambers with parameters 𝑘 = 1, 𝓁 = 3, 𝑛 = 4, 𝑎 > 𝓁2 − 1 on the left, a regular
pentagram as Poncelet polygon resulting from the parameters 𝑘 = 4, 𝓁 = 2∕3, 𝑛 = 𝑙 + 1, 𝑎 = cos(𝛼∕2)𝑛2 on the right.

Theorem9. Let 0 < 𝑘 ∈ ℕ, 0 < 𝓁 ∈ ℚ,𝓁 ≠
2𝑘

𝑚
− 1,𝑚 ∈ ℤ, 𝑛 = 𝓁 + 1, 𝛼 = 2𝑘𝜋

𝑛
, and𝑝(𝜑) = 𝑎 + cos(𝓁𝜑)with 𝑎 > 𝓁2 − 1 if

𝓁 > 1, and 𝑎 > 1 − 𝓁2 if 0 < 𝓁 < 1. Then the Poncelet polygon 𝑃 for the Poncelet pair (𝐾, 𝐶) given by Equations (2.1) and (2.4)
is equiangular with angle 𝛼 and equilateral with side length 2𝑎| tan(𝛼∕2)|. 𝐾 is an epitrochoid. The midpoint of 𝑃 rotates on
a circle centered at the origin with radius 1.

Proof. We first use 𝑝(𝜑) = 𝑎 + cos(𝓁𝜑) in the general formula (2.4). Unfortunately, this does not yield a very telling
expression. However, if we replace 𝜑 by 𝜑 − 𝛼∕2 and observe that 𝑘 is an integer, we get the reparametrization

𝐾 ∶ [0, 2𝑘𝜋) → ℝ2, 𝜑 ↦ 𝑌(𝜑) = 𝑎 sec(𝛼∕2)𝑢(𝜑) + (−1)𝑘𝑢(𝑛𝜑). (2.7)

This shows that the vertex curve 𝐾 is an epitrochoid. The vertices of the Poncelet polygon 𝑃 are the points{
𝑌(𝜑 + 𝑗𝛼) = (−1)𝑘𝑢(𝑛𝜑) + 𝑎 sec(𝛼∕2)𝑢(𝜑 + 𝑗𝛼), 𝑗 = 1,… ,

𝑛

(𝑛,𝑘)

}
where (𝑛, 𝑘) denotes the greatest common divisor of 𝑛 and 𝑘. Its midpoint, given by (−1)𝑘𝑢(𝑛𝜑), rotates on the unit
circle. The perimeter radius of 𝑃 is 𝑎| sec(𝛼∕2)| and the center angle over a side is 𝛼. Hence we get for the side length
𝑠 of 𝑃

𝑠 = 2𝑎| sec(𝛼∕2) sin(𝛼∕2)| = 2𝑎||tan (𝛼∕2)||. □

Figure 7 illustrates Theorem 9 with two examples. The first one is a Wankel engine with three combustion chambers.
We note that in Glaeser et al. [17, p. 515ff], a variant of a Wankel engine design with a spherical triangular rotor turning in
an equilateral spherical conic is discussed.

Remark 10. In Figure 7, on the right, the parameter 𝑎 has been chosen minimal with the property that the curvature of
the curve 𝐾 does not change sign. Indeed, if 𝑎 = cos(𝛼∕2)𝑛2, then the curvature of 𝐾 is non-negative and there holds

det
(
𝑌′(𝜑) 𝑌′′(𝜑)

)
= 2𝑛3(𝑛 + 1)

⎧⎪⎨⎪⎩
cos2

(
𝓁

2
𝜑
)
, if 𝑘 is odd

sin
2
(
𝓁

2
𝜑
)
, if 𝑘 is even.

and if 𝑎 > cos(𝛼∕2)𝑛2, then the curvature of 𝐾 is strictly positive.
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F IGURE 8 A Poncelet clan according to Corollary 11.

2.2 Equiangular clans

Using the results from the previous section, it is now straightforward to construct equiangular Poncelet clans. Note that
we generalize the definition of the term equiangular for clans in the following sense: We no longer require that all exterior
angles of the Poncelet polygon are equal for all starting points, but only that the angle in each vertex does not depend on
the starting point.

Corollary 11. Let 𝐶 be a closed 𝐶2 curve in the Euclidean plane with nonvanishing curvature, given by Equation (2.1).
Let 𝛼1, 𝛼2, … , 𝛼𝑛 be given external angles such that 𝛼1 +⋯+ 𝛼𝑛 = 2𝑚𝜋, for a natural number 𝑚 ⩾ 1. Then the curves
(𝐶, 𝐾1, 𝐾2, … , 𝐾𝑛) form a Poncelet clan, where the vertex curve 𝐾𝑖 is given by the parametrization

𝐾𝑖 ∶ [0, 2𝑘𝜋) → ℝ
2, 𝜑 ↦ 𝑌𝑖(𝜑) = csc(𝛼𝑖)

(
𝑝(𝜑 + 𝛼𝑖)𝑢

′(𝜑) − 𝑝(𝜑)𝑢′(𝜑 + 𝛼𝑖)
)
.

The polygon𝑃(𝜑)with vertices𝑌1(𝜑), 𝑌2(𝜑 + 𝛼1), … , 𝑌𝑛(𝜑 + 𝛼1 +⋯+ 𝛼𝑛−1), 𝑌1(𝜑 + 2𝜋𝑚), 𝑌2(𝜑 + 2𝜋𝑚 + 𝛼1), … , 𝑌𝑛(𝜑 +
2𝜋𝑚 + 𝛼1 +⋯+ 𝛼𝑛−1), 𝑌1(𝜑 + 4𝜋𝑚),… is a Poncelet polygon for each value of 𝜑.

Figure 8 shows an example of such a Poncelet clan with three vertex curves 𝐾1, 𝐾2, 𝐾3 and 𝑘 = 2,𝑚 = 1.

Proof. The formula for the vertex curves𝐾𝑖 follows immediately from Equation (2.4). The polygon 𝑃(𝜑) is by construction
tangential to the envelope 𝐶 and its vertices lie on 𝐾1,… , 𝐾𝑛. □

Note that if the Poncelet polygon 𝑃 is a triangle, then the triangles 𝑃(𝜑) are similar for all 𝜑.

Remark 12. Like in Theorem 6, each angle 𝛼𝑖 in Corollary 11 can be replaced by

𝛼𝑗𝑖 = 𝛼𝑖 + 𝑗𝑖𝜋,

where 𝑗𝑖 = 0, … , 2𝑘 − 1. Upon writing

𝐾
𝑗𝑖
𝑖
∶ [0, 2𝑘𝜋) → ℝ2, 𝜑 ↦ 𝑌

𝑗𝑖
𝑖
(𝜑) = csc(𝛼𝑗𝑖 )

(
𝑝(𝜑 + 𝛼𝑗𝑖 )𝑢

′(𝜑) − 𝑝(𝜑)𝑢′(𝜑 + 𝛼𝑗𝑖 )
)
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8 of 16 HUNGERBÜHLER and WASEM

we obtain all possible Poncelet clans with external angles 𝛼1, … , 𝛼𝑛 as

(𝐶, 𝐾
𝑗1
1 , 𝐾

𝑗2
2 , … , 𝐾

𝑗𝑛
𝑛 ),

where 𝑗𝑖 ∈ {0, … , 2𝑘 − 1} leading to (2𝑘)𝑛 Poncelet clans. For a fixed multi-index 𝐣 = (𝑗1, … , 𝑗𝑛) ∈ ℕ𝑛 with entries in
{0, … , 2𝑘 − 1}, we can write down the vertices of the corresponding Poncelet polygon 𝑃𝐣(𝜑) as follows: Let 𝑙 be the smallest
natural number such that

𝑙

𝑛∑
𝑖=1

𝛼𝑗𝑖 = 𝑙

𝑛∑
𝑖=1

(𝛼𝑖 + 𝑗𝑖𝜋) = 𝑙𝜋(2𝑚 + |𝐣|)
is a multiple of 2𝜋𝑚, hence

𝑙 =
lcm(2𝑚 + |𝐣|, 2𝑘)

2𝑚 + |𝐣| .

The vertices of 𝑃𝐣(𝜑) are obtained by going through the rows of the (𝑙 × 𝑛)-matrix (𝐕𝓁𝜈) 1⩽𝓁⩽𝑙
1⩽𝜈⩽𝑛

with entries

𝐕𝓁𝜈 = 𝑌
𝑗𝜈
𝜈

(
𝜑 + 𝜋(2𝑚 + |𝐣|)(𝓁 − 1) + 𝜈−1∑

𝑖=1

𝛼𝑗𝑖

)
,

hence the number of vertices of the polygon is at most

𝑛 ⋅ lcm(2𝑚 + |𝐣|, 2𝑘)
2𝑚 + |𝐣| . (2.8)

Note that the formula (2.8) yields the correct number of vertices if all angles 𝛼1, … , 𝛼𝑛 are pairwise distinct, which is
generically the case, however, there are degenerate cases, where there are less vertices: For instance, if 𝛼1 = 𝛼2 = ⋯ =

𝛼𝑛 =
2𝜋𝑚

𝑛
and 𝐣 = (𝑖, 𝑖, … , 𝑖) for some 𝑖 ∈ {0, … , 2𝑘 − 1}, then all the curves of the corresponding Poncelet clan are identical

and the situation reduces to the one in Theorem 6, where the formula (2.6) yields the correct number of vertices

𝑛

2𝑚 + 𝑖𝑛
lcm

(
2𝑚 + 2𝑛𝑖

𝑛
, 2𝑘

)
,

whereas fomula (2.8) yields

𝑛

2𝑚 + 𝑖𝑛
lcm(2𝑚 + 2𝑛𝑖, 2𝑘).

3 CONSTRUCTION OF GENERAL PONCELET PAIRS AND CLANS

In this section, we will construct general Poncelet pairs and clans. In Sections 3.2 and 3.3, we specify the vertex curve 𝐾
and find corresponding envelopes, while in Sections 3.4 and 3.5, we specify the envelope and find corresponding vertex
curves. The necessary tools are provided in Section 3.1.

3.1 Torsion maps of 𝑺𝟏

In order to use standard terminology and to avoid the unnecessary appearance of the factor 2𝜋 throughout, we will use
the identification 𝑆1 ≅ ℝ∕ℤ in this section.
The following construction of Poncelet pairs will make use of diffeomorphisms 𝑓 ∶ 𝑆1 → 𝑆1 with the property that the

𝑛th iterate of 𝑓 equals the identity on 𝑆1, that is, 𝑓0 = 𝑓𝑛 = id𝑆1 , but 𝑓𝑖 ≠ id𝑆1 for 0 < 𝑖 < 𝑛. We will call such a map 𝑓 a
torsion map and we will, without loss of generality, restrict ourselves to orientation preserving diffeomorphisms.

 15214001, 2025, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/zam

m
.70225 by E

T
H

 Z
ürich, W

iley O
nline L

ibrary on [16/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



HUNGERBÜHLER and WASEM 9 of 16

As an example of a torsion map, consider the rotation 𝑟𝛼 ∶ 𝑆1 → 𝑆1 about the angle 𝛼 =
𝑚

𝑛
∈ ℚ, where 𝑚

𝑛
is a reduced

fraction. Conjugating 𝑟𝛼 by any diffeomorphism ℎ ∶ 𝑆1 → 𝑆1 yields another torsion map: If 𝑓 = ℎ−1◦𝑟𝛼◦ℎ, then 𝑓𝑛 =
ℎ−1◦𝑟𝑛𝛼◦ℎ = id𝑆1 .
We will now show that all torsion maps 𝑓 arise from rotations up to conjugation by diffeomorphisms of 𝑆1.
Every orientation preserving diffeomorphism 𝑓 ∶ 𝑆1 → 𝑆1 lifts to an increasing diffeomorphism 𝐹 ∶ ℝ → ℝ such that

𝜋◦𝐹 = 𝑓◦𝜋, where 𝜋 ∶ ℝ → 𝑆1, 𝑥 ↦ 𝑥 mod 1 is the usual quotient map and 𝐹(𝑥 + 1) = 𝐹(𝑥) + 1 for all 𝑥 ∈ ℝ. Poincaré
introduced the rotation number of 𝑓 as

𝜏(𝑓) = lim
𝑘→∞

𝐹𝑘(𝑥) − 𝑥

𝑘
mod 1

and showed that this limit always exists and that it is independent of the lift and 𝑥 ∈ ℝ (see ref. [18]).
To proceed, we now need the following result. A variant of it appears, for instance, in ref. [19, Ex. 14 (b)]. For the readers

convenience, we provide an explicit proof.

Proposition 13. Let 𝑓 ∶ 𝑆1 → 𝑆1 be a torsion map, that is, an orientation preserving diffeomorphism such that 𝑓𝑛 = id𝑆1
and 𝑓𝑖 ≠ id𝑆1 for 0 < 𝑖 < 𝑛. Then we have:

1. The rotation number of 𝑓 equals 𝑚
𝑛
for some𝑚 ∈ ℤ and the fraction 𝑚

𝑛
is reduced.

2. 𝑓 is conjugate to the rotation 𝑟𝑚
𝑛

about the angle 𝑚
𝑛
, that is, there is an orientation preserving diffeomorphism ℎ ∶ 𝑆1 → 𝑆1

such that 𝑓 = ℎ−1◦𝑟𝑚
𝑛

◦ℎ.

Proof. For the first item, consider the unique lift 𝐹 of 𝑓 such that 𝐹(0) ∈ [0, 1): If 0 ⩽ 𝑥 < 1, we find inductively 𝐹𝑖(𝑥) <
𝑖 + 1 and since 𝑓𝑛 = id𝑆1 , we have 𝐹𝑛(𝑥) = 𝑥 + 𝑚 for some𝑚 ∈ ℤ and𝑚 ⩽ 𝑛. If 𝑘 = 𝑛𝑑 for some 𝑑 ∈ ℕ, it follows that

𝐹𝑘(𝑥) − 𝑥

𝑘
=
𝑥 +𝑚𝑑 − 𝑥

𝑛𝑑
=
𝑚

𝑛

and therefore 𝜏(𝑓) = 𝑚

𝑛
(or, if𝑚 = 𝑛 = 1, 𝜏(𝑓) = 0 in which case 𝑓 = id𝑆1).

If the rotation number of an orientation preserving diffeomorphism is 𝑚
𝑛
∈ ℚ, where 𝑚

𝑛
is reduced, then every periodic

orbit of 𝑓 has period 𝑛. Therefore, 𝑚
𝑛
is reduced as the minimal length of a period of 𝑓 is 𝑛 by assumption [20, p. 12].

For the second item, we will construct a diffeomorphism ℎ ∶ 𝑆1 → 𝑆1, which conjugates 𝑓 to the rotation 𝑟𝑚
𝑛

explic-

itly: The rotation 𝑟𝑚
𝑛

∶ 𝑆1 → 𝑆1 lifts to the increasing diffeomorphism 𝑅𝑚
𝑛

∶ ℝ → ℝ, 𝑥 ↦ 𝑥 +
𝑚

𝑛
. Define the increasing

diffeomorphism 𝐻 ∶ ℝ → ℝ,

𝐻 =
1

𝑛

𝑛−1∑
𝑗=0

𝐹𝑗.

By construction, if 𝐹 ∈ 𝐶𝑘, then 𝐻 ∈ 𝐶𝑘 as well and 𝐻◦𝐹 = 𝑅𝑚
𝑛

◦𝐻. Since 𝐻(𝑥 + 1) = 𝐻(𝑥) + 1, the map 𝐻 descends to

an orientation preserving diffeomorphism ℎ ∶ 𝑆1 → 𝑆1.
Since 𝐹 = 𝐻−1◦𝑅𝑚

𝑛

◦𝐻, we obtain

𝜋◦𝐹 = 𝜋◦𝐻−1◦𝑅𝑚
𝑛

◦𝐻 = ℎ−1◦𝑟𝑚
𝑛

◦ℎ◦𝜋

so that 𝐹 is a lift of ℎ−1◦𝑟𝑚
𝑛

◦ℎ and we conclude that 𝑓 = ℎ−1◦𝑟𝑚
𝑛

◦ℎ. □

Before we proceed to construction of Poncelet pairs using Proposition 13, we remark that the connection between con-
jugacy to a rotation about a rational angle and Poncelet’s theorem already appears in ref. [21, Lemma 1.3], where Poncelet’s
theorem is recast in a measure theoretic framework for the case where 𝐶 and 𝐾 are nested ellipses. In a different context,
exploiting dynamical billiards of an ellipse, the connection between a rational rotation number and periodicity of a billiard
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10 of 16 HUNGERBÜHLER and WASEM

trajectories is established in ref. [22]. Also in the context of billiard dynamics, for a given circle 𝐾, Lopes and Sebastiani
[23] construct a family of nested circles 𝐶 such that (𝐾, 𝐶) is a Poncelet pair. This article also provides a formula that
counts the number of such Poncelet pairs, where the Poncelet polygon closes after 𝑛 steps.

3.2 Poncelet pairs for given vertex curve 𝑲

In order to construct Poncelet pairs, we will change back to the convention 𝑆1 ≅ ℝ∕(2𝜋ℤ) in all that follows.
Let 𝐾 ∶ 𝑆1 → ℝ2, 𝜑 ↦ 𝑌(𝜑), be a positively oriented regular 𝐶𝑘 curve, 𝑘 ⩾ 2, with nonvanishing curvature and let 𝑓 ∈

𝐶𝑘(𝑆1, 𝑆1) be a torsion map such that 𝑓0 = 𝑓𝑛 = id𝑆1 , where 𝑛 ⩾ 2. According to the discussion in the previous section,
there exists a 𝐶𝑘 diffeomorphism ℎ ∶ 𝑆1 → 𝑆1 such that

𝑓 = ℎ−1◦𝑟 2𝜋𝑚
𝑛

◦ℎ,

where 𝑛 > 𝑚 ∈ ℕ. For each fixed 𝜑 ∈ 𝑆1, the function 𝑓 gives rise to a polygon 𝑃 with vertices

𝑌(𝜑), 𝑌(𝑓(𝜑)), … , 𝑌(𝑓𝑛−1(𝜑))

and its edges are the segments between𝑌(𝑓𝑖(𝜑)) and 𝑌(𝑓𝑖+1(𝜑)), where 𝑖 is takenmod 𝑛. For fixed 𝜑, we consider the line

𝑠 ↦ 𝐸(𝑠, 𝜑) = (1 − 𝑠)𝑌(𝜑) + 𝑠𝑌(𝑓(𝜑))

connecting two consecutive edges of the polygon 𝑃. The envelope 𝐶 ∶ 𝑆1 → ℝ2, 𝜑 ↦ 𝑋(𝜑), of these lines when 𝜑 varies
is obtained by requiring that 𝑋(𝜑) = 𝐸(𝑠(𝜑), 𝜑) is tangential to 𝜕𝑠𝐸(𝑠, 𝜑) for all 𝜑 ∈ 𝑆1. This condition translates formally
into

𝑠 = −
⟨𝑌′, 𝐽(𝑌◦𝑓 − 𝑌)⟩⟨(𝑌◦𝑓 − 𝑌)′, 𝐽(𝑌◦𝑓 − 𝑌)⟩ , (3.1)

where 𝐽 =
(
0 −1
1 0

)
. Hence, the envelope is a regular 𝐶𝑘−1 curve 𝐶 ∶ 𝑆1 → ℝ2, given by

𝑋 = 𝑌 −
⟨𝑌′, 𝐽(𝑌◦𝑓 − 𝑌)⟩⟨(𝑌◦𝑓 − 𝑌)′, 𝐽(𝑌◦𝑓 − 𝑌)⟩ (𝑌◦𝑓 − 𝑌), (3.2)

whenever 𝑠 has no singularities. If 0 ⩽ 𝑠 ⩽ 1, then the contact point of the line 𝐸(𝑠, 𝜑) with the envelope 𝐶 lies on the
segment joining the two vertices 𝑌(𝜑) and 𝑌(𝑓(𝜑)), otherwise on its prolongation.
Since 𝑓 = ℎ−1◦𝑟𝛼◦ℎ with 0 < 𝛼 ∉ 2𝜋ℕ being a rational multiple of 2𝜋, we consider 𝑍 = 𝑌◦ℎ−1. With the notation

𝑡 = ℎ(𝜑) and Δ(𝑡) = 𝑍(𝑡 + 𝛼) − 𝑍(𝑡), the formula for 𝑋 as a function of 𝑡 becomes

𝑋 = 𝑍 −
⟨𝑍′, 𝐽Δ⟩⟨Δ′, 𝐽Δ⟩Δ. (3.3)

Here, 𝑋 is well-defined if and only if ⟨Δ′, 𝐽Δ⟩ ≠ 0 and in this case, 𝑋 ∈ 𝐶𝑘−1(𝑆1, ℝ2) since 𝑍 is of class 𝐶𝑘.
Proposition 14.

1. Suppose that 𝑋 is well-defined. Then it is a regular curve, that is, 𝑋′ ≠ 0, if and only if

0 ≠ det

( ⟨𝑍′, 𝐽Δ⟩ ⟨𝑍′𝛼, 𝐽Δ⟩⟨𝑍′′, 𝐽Δ⟩ + 2⟨𝑍′, 𝐽Δ′⟩ ⟨𝑍′′𝛼 , 𝐽Δ⟩ + 2⟨𝑍′𝛼, 𝐽Δ′⟩
)
,

where 𝑍𝛼(𝑡) = 𝑍(𝑡 + 𝛼).
2. If 𝑍 is of class 𝐶3, 𝑋 is regular if and only if the curvature of 𝑋 is never zero.
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HUNGERBÜHLER and WASEM 11 of 16

Proof. We have ⟨𝑋′, 𝐽Δ⟩ = 0. Hence 𝑋 is regular if and only if ⟨𝑋′, 𝐽Δ′⟩ ≠ 0, since Δ and Δ′ are linearly independent.
Multiplying this condition by ⟨Δ′, 𝐽Δ⟩ ≠ 0 yields the equivalent condition

0 ≠ ⟨𝑍′𝛼, 𝐽Δ⟩(⟨𝑍′′, 𝐽Δ⟩ + 2⟨𝑍′, 𝐽Δ′⟩) − ⟨𝑍′, 𝐽Δ⟩(⟨𝑍′′𝛼 , 𝐽Δ⟩ + 2⟨𝑍′, 𝐽Δ′⟩),
which can be restated as claimed, since ⟨𝑍′𝛼, 𝐽Δ′⟩ = ⟨𝑍′, 𝐽Δ′⟩.
If 𝑍 is of class 𝐶3, 𝑋 is of class 𝐶2. If 𝑋′ ≠ 0, it follows from ⟨𝑋′, 𝐽Δ⟩ = 0 that

𝑋′ =
⟨𝑋′,Δ⟩‖Δ‖2
⏟⏟⏟
=∶𝑔

Δ

where 𝑔 ∈ 𝐶1(𝑆1) never vanishes. Hence

⟨𝑋′′, 𝐽𝑋′⟩ = ⟨𝑔′Δ + 𝑔Δ′, 𝑔𝐽Δ⟩ = 𝑔2⟨Δ′, 𝐽Δ⟩ ≠ 0,
since 𝑋 is well-defined. Conversely, if ⟨𝑋′′, 𝐽𝑋′⟩ ≠ 0, 𝑋′ cannot vanish. □

The next theorem is the main result of this section. It shows how to construct a Poncelet pair (𝐾, 𝐶) if the vertex curve
𝐾 and a torsion map 𝑓 ∶ 𝑆1 → 𝑆1 are given.

Theorem 15. Let 𝐾 ∶ 𝑆1 → ℝ2, 𝜑 ↦ 𝑌(𝜑), be a positively oriented regular 𝐶𝑘 curve, 𝑘 ⩾ 2, with nonvanishing curvature.
Then the pair (𝐾, 𝐶), where the envelope 𝐶 ∈ 𝐶𝑘−1(𝑆1, ℝ2) is defined via Equation (3.2), is a Poncelet pair. If 𝑘 ⩾ 3 and the
curvature of 𝐶 does not vanish, then 𝐶 is a regular curve. If 𝐾 has no self-intersections, and 𝑘 ⩾ 2, then the function 𝑠 defined
in Equation (3.1) satisfies 0 < 𝑠 < 1, that is, the points of contact of the Poncelet polygonwith the envelope𝐶 lie inside the sides.

Proof. Only the last part of the claim remains to be proven. So, assume that 𝐾 has no self-intersections. We parametrize
𝐶 via Equation (3.3) and show that ⟨Δ′, 𝐽Δ⟩ > 0, which implies that 𝐶 is well-defined. Since 𝑍 has no self-intersections, it
parametrizes the boundary of a convex set and hence it lies entirely on one side of any of its tangents. This together with
the fact that 𝑍 is positively oriented and has nonvanishing curvature translates into the fact that for any 0 < 𝛼 < 2𝜋, we
have

⟨Δ(𝑡), 𝐽𝑍′(𝑡)⟩ > 0 and ⟨−Δ(𝑡), 𝐽𝑍′(𝑡 + 𝛼)⟩ > 0. (3.4)

Adding the two inequalities gives 0 < ⟨Δ(𝑡), 𝐽(𝑍′(𝑡) − 𝑍′(𝑡 + 𝛼))⟩ = ⟨Δ′, 𝐽Δ⟩.
We are left to show that 𝑠 ∈ (0, 1), where 𝑠 = − ⟨𝑍′,𝐽Δ⟩⟨Δ′,𝐽Δ⟩ . According to the first inequality of Equation (3.4), we have

−⟨𝑍′, 𝐽Δ⟩ = ⟨𝐽𝑍′, Δ⟩ > 0, so that 𝑠 > 0. The condition 𝑠 < 1 is equivalent to
−⟨𝑍′(𝑡), 𝐽Δ(𝑡)⟩ < ⟨Δ′(𝑡), 𝐽Δ(𝑡)⟩⟺0 < ⟨𝑍′(𝑡 + 𝛼), 𝐽Δ(𝑡)⟩,

which holds true by the second inequality of Equation (3.4). □

The next result states that a given Poncelet pair (𝐾, 𝐶) induces a torsion map 𝑓.

Proposition 16. Let (𝐾, 𝐶) be a Poncelet pair for Poncelet 𝑛-gons. Assume that𝐾 is a𝐶2 curve parametrized by 𝛾 ∶ 𝑆1 → ℝ2
with 𝛾̇ ≠ 0, and 𝐶 a 𝐶2 curve with nonvanishing curvature. Let 𝑃1 = 𝛾(𝑡1), 𝑃2 = 𝛾(𝑡2) be two consecutive vertices of a Poncelet
polygon. Then the map 𝑓 ∶ 𝑆1 → 𝑆1, 𝑡1 ↦ 𝑡2, constitutes an orientation preserving 𝐶2 diffeomorphism with 𝑓𝑛 = id𝑆1 and
𝑓𝑖 ≠ id𝑆1 for 0 < 𝑖 < 𝑛.

Proof. By applying a projective map if necessary, we may assume the situation depicted in Figure 9.
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12 of 16 HUNGERBÜHLER and WASEM

F IGURE 9 Construction of the diffeomorphism 𝑓 ∶ 𝑆1 → 𝑆1.

Here, the vertex curve 𝐾 is locally given as the graph of a 𝐶2 function 𝑔, and the envelope 𝐶 as graph of a 𝐶2 function
ℎ. We are interested in the regularity of the map 𝑥 ↦ 𝜇, as defined in Figure 9. We have

𝑔(𝑥) − ℎ(𝜉) = ℎ′(𝜉)(𝑥 − 𝜉)

ℎ(𝜉) − 𝑔(𝜇) = ℎ′(𝜉)(𝜉 − 𝜇).

Consider the 𝐶1 map

𝐹 ∶ ℝ1+2 → ℝ2, (𝑥, 𝜉, 𝜇) ↦

(
𝑔(𝑥) − ℎ(𝜉) − ℎ′(𝜉)(𝑥 − 𝜉)

ℎ(𝜉) − 𝑔(𝜇) − ℎ′(𝜉)(𝜉 − 𝜇)

)
The Jacobian matrix of 𝐹 is given by

𝐷𝐹(𝑥, 𝜉, 𝜇) =

(
𝑔′(𝑥) − ℎ′(𝜉) (𝜉 − 𝑥)ℎ′′(𝜉) 0

0 (𝜇 − 𝜉)ℎ′′(𝜉) ℎ′(𝜉) − 𝑔′(𝜇).

)
In particular, we have

det

(
(𝜉 − 𝑥)ℎ′′(𝜉) 0

(𝜇 − 𝜉)ℎ′′(𝜉) ℎ′(𝜉) − 𝑔′(𝜇)

)
= (𝜉 − 𝑥)ℎ′′(𝜉)(ℎ′(𝜉) − 𝑔′(𝜇)) ≠ 0

and hence the implicit function theorem guarantees the local existence of a 𝐶1 function 𝑥 ↦ (𝜉(𝑥), 𝜇(𝑥)) such that
𝐹(𝑥, 𝜉(𝑥), 𝜇(𝑥)) = 0, locally. However, for the partial function 𝜇(𝑥), we get a better regularity, namely 𝐶2, since

(
𝜉′(𝑥)

𝜇′(𝑥)

)
= −

(
(𝜉(𝑥) − 𝑥)ℎ′′(𝜉(𝑥)) 0

(𝜇(𝑥) − 𝜉(𝑥))ℎ′′(𝜉(𝑥)) ℎ′(𝜉(𝑥)) − 𝑔′(𝜇(𝑥))

)−1(
𝑔′(𝑥) − ℎ′(𝜉(𝑥))

0

)

=

⎛⎜⎜⎜⎝
𝑔′(𝑥)−ℎ′(𝜉(𝑥))

(𝑥−𝜉(𝑥))ℎ′′(𝜉(𝑥))

𝜇(𝑥)−𝜉(𝑥))(𝑔′(𝑥)−ℎ′(𝜉(𝑥)))

(𝑥−𝜉(𝑥))(𝑔′(𝜇(𝑥))−ℎ′(𝜉(𝑥)))

⎞⎟⎟⎟⎠ .
The conversion to the parameter 𝑡 of the parametrization 𝛾 ∶ 𝑆1 → ℝ2 does not change this regularity. Indeed, if 𝛾(𝑡1) =
(𝑥, 𝑔(𝑥)) and 𝛾(𝑡2) = (𝜇, 𝑔(𝜇)), we have 𝑡2 = 𝛾−11 (𝜇(𝛾1(𝑡1))).
With this regularity established, the properties of the function 𝑓 follow from the properties of the Poncelet polygon in

(𝐾, 𝐶). □

Remark 17. Notice that according to Proposition 16, Theorem 15 describes the general case of a Poncelet pair (𝐾, 𝐶) if𝐾 is a
𝐶2 curve, and 𝐶 a 𝐶2 curve with nonvanishing curvature. Indeed, let (𝐾, 𝐶) be such a pair, where𝐾 is given by a positively
oriented parametrization, then, by Proposition 16, this defines an orientation preserving 𝐶2 diffeomorphism 𝑓 ∶ 𝑆1 → 𝑆1
with 𝑓𝑛 = id𝑆1 , that is, a torsion map, such that the curve given by the parametrization (3.2) is the original envelope 𝐶.
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HUNGERBÜHLER and WASEM 13 of 16

In Section 2.1, we have constructed equiangular Poncelet pairs for a given envelope𝐶. Now, wewant to consider equian-
gular pairs, if the vertex curve𝐾 is given. Let𝑚, 𝑛 ∈ ℕ be coprime, 𝑛 ⩾ 2 and consider again a vertex curve𝐾 with positive
curvature given by the support function 𝑝(𝜑) = 𝑎 + cos(𝓁𝜑), where 𝓁 = 𝑛

𝑚
. The condition for positive curvature is given

by 𝑎 > 𝓁2 − 1 if 𝓁 > 1 and 𝑎 > 1 − 𝓁2 if 0 < 𝓁 < 1. In this case, 𝐾 can be parametrized by

𝐾 ∶ [0, 2𝜋𝑚) → ℝ2, 𝜑 ↦ 𝑌(𝜑) = 𝑝(𝜑)𝑢(𝜑) + 𝑝′(𝜑)𝑢′(𝜑). (3.5)

If 𝛼 = 2𝜋∕𝓁, then the function 𝑓(𝜑) = 𝜑 + 𝛼 mod 2𝜋 is a smooth torsionmap as 𝑓𝑛 = id𝑆1 and 𝑓𝑖 ≠ id𝑆1 for 0 < 𝑖 < 𝑛.
The envelope of the segments of the Poncelet polygon 𝑃 with vertices

𝑌(𝑡 + 𝑗𝛼), 𝑗 = 0,… , 𝑛 − 1

is given by

𝐶 ∶ [0, 2𝜋𝑚) → ℝ2, 𝜑 ↦ 𝑋(𝜑) = 𝑌(𝜑) + 𝑠(𝜑)(𝑌(𝜑 + 𝛼) − 𝑌(𝜑)), (3.6)

where

𝑠(𝜑) =
1

2

(
1 + cot2

(𝜋
𝓁

)𝑝′(𝜑)
𝑝(𝜑)

)
.

Note that 𝑠 is well-defined, provided 𝑎 > 1 and in this case, the pair (𝐾, 𝐶) given by Equations (3.5) and (3.6) is an
equiangular Poncelet pair with angle 𝛼.
Note that the polygon collapses to a multiplicity 2 segment if 𝑛 = 2 and in this case, the curve 𝐶 degenerates to a single

point since 𝑋(𝜑) = (0, 0). We will therefore now assume 𝑛 ⩾ 3: If (1 + 𝑎 − 2𝓁2)
2
> 0, then the curvature of 𝑋 is positive

and 𝑋 is therefore a regular curve provided 𝑎 > max{2𝓁2 − 1, 1}.
If 𝓁 ∈ ℕ (and hence 𝓁 ⩾ 3), 𝑃 is a regular 𝓁-gon and if 𝓁 is odd, the curve 𝑌 is the boundary of a body of constant width

as

𝑝(𝜑 + 𝜋) + 𝑝(𝜑) ≡ 2𝑎.

Summarizing, we have:

Proposition 18. Let𝑚, 𝑛 ∈ ℕ be coprime, 𝑛 ⩾ 3, 𝓁 = 𝑛

𝑚
, 𝛼 = 2𝜋

𝓁
and 𝑝(𝜑) = 𝑎 + cos(𝓁𝜑), where 𝑎 > max{𝓁2 − 1, 1}. Then

the Poncelet polygon 𝑃 for the Poncelet pair (𝐾, 𝐶) given by Equations (3.5) and (3.6) is equiangular with angle 𝛼 and 𝐾 is a
curve with positive curvature. We furthermore have:

1. If 𝑎 > max{2𝓁2 − 1, 1}, the curvature of 𝐶 is positive.
2. If 𝓁 ∈ ℕ, then 𝑃 is a regular 𝓁-gon and the condition for positive curvature of 𝐶 reduces to 𝑎 > 2𝓁2 − 1.
3. If 𝓁 ∈ ℕ is odd, then 𝐾 is the boundary of a body with constant width.

An example illustrating Proposition 18 is shown in Figure 10.

Remark 19. If 𝑠(𝜑) ∈ [0, 1], then the segments of 𝑃 rather than their prolongation touch 𝐶. This condition translates into||||cot(𝜋𝓁)𝑝′(𝜑)∕𝑝(𝜑)|||| ⩽ 1. Since |𝑝′∕𝑝| ⩽ 𝓁√
𝑎2−1

, it is sufficient to require that

𝑎 ⩾

√
cot2

(𝜋
𝓁

)
𝓁2 + 1. (3.7)

If 𝓁 ∈ ℕ, and the condition 𝑎 > 2𝓁2 − 1 for positive curvature of 𝐶 is satisfied, then Equation (3.7) is automatically met

since in this case, 2𝓁2 − 1 >
√
cot2

(
𝜋

𝓁

)
𝓁2 + 1.
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14 of 16 HUNGERBÜHLER and WASEM

F IGURE 10 The curves 𝐾 and 𝐶 obtained in Proposition 18 with𝑚 = 3, 𝑛 = 4, and 𝑎 = 53

45
. Note that here the extensions of the sides of

the Poncelet square touch the envelope 𝐶.

3.3 Poncelet clans for given vertex curve 𝑲

Let again 𝐾 ∶ 𝑆1 → ℝ2, 𝜑 ↦ 𝑌(𝜑), be a positively oriented regular 𝐶2 curve with nonvanishing curvature. This time, we
consider orientation preserving diffeomorphisms 𝑓𝑖 ∶ 𝑆1 → 𝑆1, 1 ⩽ 𝑖 ⩽ 𝑛, where 𝑛 ⩾ 3 such that

𝑓𝑛 = (𝑓𝑛−1◦⋯◦𝑓1)
−1
.

Wewill henceforthwrite 𝑔𝑖 = 𝑓𝑖◦𝑓𝑖−1◦…◦𝑓1 for 1 ⩽ 𝑖 ⩽ 𝑛 anddefine 𝑔0 = id𝑆1 . For the following construction,we require
that the Poncelet polygon with vertices 𝑌(𝑔𝑖(𝜑)), 𝑖 ∈ {0, … , 𝑛 − 1}, is not degenerate for all 𝜑 ∈ 𝑆1. By this, we mean that
the vertices are always different from each other. This condition can be reformulated as follows: If two vertices of the
polygon coincide, thenwemust have 𝑔𝑗(𝜑0) = 𝑔𝑖(𝜑0) for some𝜑0 ∈ 𝑆1 and 𝑖 ≠ 𝑗.Wemay assumewithout loss of generality
that 𝑖 < 𝑗 so that 𝑔𝑖(𝜑0)must be a fixed point of 𝑔𝑗◦𝑔−1𝑖 . Therefore, we will require 𝑔𝑗◦𝑔−1𝑖 to not have fixed points for all
1 ⩽ 𝑖 < 𝑗 ⩽ 𝑛. The curve𝐶𝑖 ∶ 𝑆1 → ℝ2 is then given by the envelope of the segments (1 − 𝑠)𝑌(𝑔𝑖−1(𝜑)) + 𝑠𝑌(𝑔𝑖(𝜑)), where
𝑖 is taken mod 𝑛. According to Equation (3.2), 𝐶𝑖 will be parametrized by

𝑋𝑖 = 𝑌◦𝑔𝑖−1 −
⟨(𝑌◦𝑔𝑖−1)′, 𝐽(𝑌◦𝑔𝑖 − 𝑌◦𝑔𝑖−1)⟩⟨(𝑌◦𝑔𝑖 − 𝑌◦𝑔𝑖−1)′, 𝐽(𝑌◦𝑔𝑖 − 𝑌◦𝑔𝑖−1)⟩ (𝑌◦𝑔𝑖 − 𝑌◦𝑔𝑖−1),

and (𝐾, 𝐶1, … , 𝐶𝑛) is a Poncelet clan.

3.4 Poncelet pairs for given envelope 𝑪

Here, we use the same approach as in Section 2. Let the envelope 𝐶 be given by Equation (2.1). Consider an orientation
preserving diffeomorphism 𝑓 ∈ 𝐶2(𝑆1

𝑘
, 𝑆1
𝑘
), where 𝑆1

𝑘
= ℝ∕2𝑘𝜋ℤ such that 𝑓0 = 𝑓𝑛 = id𝑆1

𝑘
, but 𝑓𝑖 ≠ id𝑆1

𝑘
for 0 < 𝑖 < 𝑛

with 𝑛 > 2. Then consider 𝑋(𝜑) and 𝑋(𝑓(𝜑)) as points of contact of two consecutive sides of a Poncelet polygon with
the given curve 𝐶. The geometric situation is as in Figure 3, but with 𝑓(𝜑) in place of 𝜑 + 𝛼. Then the point 𝑌(𝜑) =
𝑝(𝜑)𝑢(𝜑) + 𝑞(𝜑)𝑢′(𝜑) on the vertex curve 𝐾 satisfies

𝑝(𝜑)𝑢(𝜑) + 𝑞(𝜑)𝑢′(𝜑) = 𝑝(𝑓(𝜑))𝑢(𝑓(𝜑)) + 𝑠(𝜑)𝑢′(𝑓(𝜑)). (3.8)
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HUNGERBÜHLER and WASEM 15 of 16

As in Section 2, we find

𝑞(𝜑) =
𝑝(𝑓(𝜑)) − 𝑝(𝜑)⟨𝑢(𝜑), 𝑢(𝑓(𝜑))⟩⟨𝑢′(𝜑), 𝑢(𝑓(𝜑))⟩ .

Hence we have the following result.

Theorem 20. Let 𝐶 be a closed 𝐶2 curve in the Euclidean plane with nonvanishing curvature, given by Equation (2.1), and
𝑓 ∈ 𝐶2(𝑆1

𝑘
, 𝑆1
𝑘
) an orientation preserving diffeomorphism such that 𝑓0 = 𝑓𝑛 = id𝑆1

𝑘
, but 𝑓𝑖 ≠ id𝑆1

𝑘
for 0 < 𝑖 < 𝑛 with 𝑛 > 2.

Suppose that ⟨𝑢′(𝜑), 𝑢(𝑓(𝜑))⟩ ≠ 0 for all 𝜑. Then (𝐾, 𝐶) is a Poncelet pair for the vertex curve
𝐾 ∶ [0, 2𝑘𝜋) → ℝ2, 𝜑 ↦ 𝑌(𝜑) = 𝑝(𝜑)𝑢(𝜑) +

𝑝(𝑓(𝜑)) − 𝑝(𝜑)⟨𝑢(𝜑), 𝑢(𝑓(𝜑))⟩⟨𝑢′(𝜑), 𝑢(𝑓(𝜑))⟩ 𝑢′(𝜑).

3.5 Poncelet clans for given envelope 𝑪

Let 𝐶 ∶ 𝑆1
𝑘
→ ℝ2 be a positively oriented regular 𝐶2 curve with nonvanishing curvature given by a support function 𝑝 as

𝑋(𝜑) = 𝑝(𝜑)𝑢(𝜑) + 𝑝′(𝜑)𝑢′(𝜑) and consider nontrivial orientation preserving 𝐶2 diffeomorphisms 𝑓𝑖 ∶ 𝑆1𝑘 → 𝑆
1
𝑘
, 1 ⩽ 𝑖 ⩽

𝑛, where 𝑛 ⩾ 3 such that

𝑓𝑛 = (𝑓𝑛−1◦⋯◦𝑓1)
−1

and we will write again 𝑔𝑖 = 𝑓𝑖◦𝑓𝑖−1◦…◦𝑓1 for 1 ⩽ 𝑖 ⩽ 𝑛 and define 𝑔0 = id𝑆1
𝑘
. Imitating the construction given in Theo-

rem 20, if ⟨𝑢′(𝑔𝑖−1(𝜑)), 𝑢(𝑔𝑖(𝜑)⟩ ≠ 0 for all𝜑 and 𝑖 ∈ {1, … , 𝑛}, we obtain for all 𝑖 ∈ {1, … , 𝑛}, a𝐶2 vertex curve𝐾𝑖 ∶ 𝑆1𝑘 → ℝ2
defined by

𝜑 ↦ 𝑌𝑖(𝜑) = 𝑝(𝑔𝑖−1(𝜑))𝑢(𝑔𝑖−1(𝜑)) +
𝑝(𝑔𝑖(𝜑)) − 𝑝(𝑔𝑖−1(𝜑))⟨𝑢(𝑔𝑖−1(𝜑)), 𝑢(𝑔𝑖(𝜑))⟩⟨𝑢′(𝑔𝑖−1(𝜑)), 𝑢(𝑔𝑖(𝜑))⟩ 𝑢′(𝑔𝑖−1(𝜑)).

The polygon 𝑃(𝜑) with vertices 𝑌1(𝜑), 𝑌2(𝜑), … , 𝑌𝑛(𝜑) is then a Poncelet polygon for each value of 𝜑.
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