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Das Fünfzehnerspiel

Oder:
Analyse von Strategiespielen
als Zugang zur Mathematik 

und Fundgrube für Maturarbeiten.



Fragen

1. Kann das Spiel immer gelöst werden?

2. Wie löst man eine bestimmte Konfiguration? (Strategie)
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Loyd-Konfiguration.



Züge und Permutationen

Ein Block “springt über” eine gerade Anzahl anderer Blöcke
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Züge und Permutationen

Neue Darstellung: Zöpfe.

A

A

A

Zug           Zopf mit gerader Anzahl “Kreuzungen”.



Züge und Permutationen

(Folgen von) Zügen           Zöpfe mit gerader Anzahl Kreuzungen.
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Mathematik

Die Parität der Anzahl Kreuzungen eines Zopfes hängt nur von der 
zugehörigen Permutation ab!

Deshalb: jede Folge zulässiger Zügen kann nur Permutationen mit 
gerader Anzahl Kreuzungen erzeugen.  
                 (“die Parität der Permutation ist eine Invariante des Spieles”)

…somit ist die Konfiguration von Loyd nicht lösbar!
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Analyse des Spieles

Zwei “Abteile” von Konfigurationen, je nach Parität.

Je zwei Konfigurationen aus demselben Abteil können durch eine 
Folge zulässiger Zügen ineinander überführt werden!

Ein Spiel ist genau dann lösbar, wenn seine Permutation gerade ist!
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Gerade Ungerade



Andere Graphen, neue Spiele



Satz [Wilson, 1974]

Betrachte einen Spiel mit N steine  
auf einem 2-zusammenhängenden graphen G mit N+1 Ecken.

Andernfalls:

- Ist G bipartit, so hat das Spiel 2 Abteile;

- Ist G nicht bipartit, so hat das Spiel 1 Abteil (immer lösbar).

- Falls G ein Zykel                   ist, dann gibt es (N-1)! Abteile.

- Falls G das spezielle graph                   ist, dann gibt es 6 Abteile.

… wie steht es mit Lösungsstrategien?
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Strategie

Reduzierte Worte in Gruppen /minimale Pfade in Graphen. 

Algorithmische Aspekte, inkl. Implementierung.  
Beispiel: Kürzeste-Pfade-Algorithmus von Dijkstra.
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Das Fünfzehnerspiel in der Schule

- Themen: Induktion, Permutationen (und: Invarianten, Gruppen)

- Originelle, “natürliche”, und zügängliche Fragestellungen.

- Potentielle Einbindung von Algorithmen / Informatik.

- Literatur ist ohne spezielle Vorkenntnisse zugänglich, und ist in 
beliebiger “Tiefe” Verfügbar.
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The so-called 15-puzzle may be generalized to a puzzle based on an arbitrary 
graph. We consider labelings or colorings of the vertices and the operation of 
switching one distinguished label with a label on an adjacent vertex. Starting 
from a given labeling, iterations of this operation allow one to obtain all, or 
exactly half, of the labelings on a non-separable graph (with the polygons and 
one other graph as exceptions). 

1. THE PUZZLE 

The well known “15-puzzle” consists of fifteen small movable square 
tiles numbered 1, 2,..., 15 and one empty square, arranged in a 4 x 4 array. 
One is permitted to interchange the empty square with a tile next to it as 
often as desired. The challenge is to move by a sequence of SUCH inter- 
changes from one given position of the tiles to another specified position. 
This may or may not be possible. It was observed as early as 1879 [3] that 
the existence of a solution to the problem depends on the parity of the 
permutation of the squares required to map the first position onto the 
second. 

A discussion of the 15-puzzle containing this observation may also be 
found in Chapter 1 of [2]. This exposition motivated the author to con- 
sider the analogous puzzle based on an arbitrary simple graph (i.e., a graph 
without loops or “multiple” edges). However, the problem has been 
raised independently by R. Stanley. D. Greenwell and L. Lovasz also came 
upon this problem independently and have obtained proofs of Theorems 1 
and 2 below for non-bipartite graphs with at least nine vertices. 

Let G be a finite simple graph with vertex set V(G) of cardinality n + 1. 
By a labeling we mean the placement of labels 1, 2,..., n on distinct vertices 

* Research supported in part by National Science Foundation grant GP-28943 
(O.S.U.R.F. Project 3228-Al). 
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Capitolo 7
Il Quindici: presentazione e prime domande

Molti fra i lettori si saranno divertiti a giocare al gioco del 15, uno dei più celebri
fra i giochi con ‘blocchetti mobili’ che possono scorrere attraverso spazi vuoti.
Ecco la con!gurazione di base del gioco:
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Chiameremo con!gurazioneuna qualsiasi disposizione dei blocchetti nella sca-
tola. Giocare, o meglio, ‘vincere’ una partita signi#ca cominciare da una qualun-
que con#gurazione data e riuscire a far scorrere i blocchetti in modo da ottenere
la con#gurazione di base.

L’invenzione del gioco del 15 risale alla seconda metà dell’Ottocento e sem-
bra sia dovuta ad un portalettere americano, Noyes Chapman, anche se il famoso
inventore di giochi Samuel Loyd cercò sempre di attribuirsene la paternità, inclu-
dendolo nella sua Cyclopedia of Puzzles (vedi [46], [37] e [53]). Loyd o(r̀ı addirit-
tura un premio di 1000 dollari a chi fosse riuscito a vincere partendo dalla con#-
gurazione ottenuta dalla con#gurazione di base ‘scambiando’ (dopo averli levati
dalla scatola) il 14 e il 15, come illustrato nella riproduzione del disegno originale
in Fig. 7.1.

Figura 7.1 Illustrazione da Cyclopedia of Puzzles di Samuel Loyd

Delucchi E., Gai* G., Pernazza L.: Giochi e percorsi matematici
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A Modern Treatment of the 15 Puzzle

Aaron F. Archer

I. INTRODUCTION. In the 1870's the impish puzzlemaker Sam Loyd caused
quite a stir in the United States, Britain, and Europe with his now-famous
15-puzzle. In its original form, the puzzle consists of fifteen square blocks num-
bered 1 through 15 but otherwise identical and a square tray large enough to
accommodate 16 blocks. The 15 blocks are placed in the tray as shown in Figure 1,
with the lower right corner left empty. A legal move consists of sliding a block
adjacent to the empty space into the empty space. Thus, from the starting
placement, block 12 or 15 may be slid into the empty space. The object of the
puzzle is to use a sequence of legal moves to switch the positions of blocks 14 and
15 while returning all other blocks to their original positions.
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q 10 11 12
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Figure I. The starting position for the 15-puzzle. The shaded square is left empty.

Loyd writes of how he "drove the entire world crazy," and that " A prize of
$1,000, offered for the first correct solution to the problem, has never been
claimed, although there are thousands of persons who say they performed the
required feat." He continues,

People became infatuated with the puzzle and ludicrous tales are told of
shopkeepers who neglected to open their stores; of a distinguished clergyman
who stood under a street lamp all through a wintry night trying to recall the
way he had performed the feat. ...Pilots are said to have wrecked their
ships, and engineers rush their trains past stations. A famous Baltimore
editor tells how he went for his noon lunch and was discovered by his frantic
staff long past midnight pushing little pieces of pie around on a plate! [9]

The reason for this hysteria, of course, is that Loyd's puzzle has no solution. Each
move causes a transposition of the 16 blocks (where the empty square is consid-
ered to contain a blank block), and for the blank to end up in the lower right
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Andere Spiele, weitere Themen
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