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Alostract

Let M and N be smooth compact Riemannian manifolds without boundary and
with metrics v and g respectively. Let m and n denote the dimensions of M and N.
For a C'-mapping f : M — N the p-energy density is defined by

1 p
(1) e(f)(x) = ’ |dfe|

and the p-energy by
(2) E(f) = [ e(f)dp.
/

Here, p denotes a real number in the interval [2,00[, |df,| is the Hilbert-Schmidt
norm with respect to v and ¢ of the differential

df, € T (M) & Ty (N)
and g is the measure on M which is induced by the metric.

If p coincides with the dimension m of the manifold M then the energy E is con-
formally invariant. This fact is well-known in the case p = 2 where F is just the
Dirichlet integral.

Variation of the energy-functional yields the Euler-Lagrange equations of the p-
energy which are

afi Of 5-1 afi ff
— af, “J I afl ZJ
(3) Apf - <7 glj al’a al‘ﬁ) ’7 FZ_] al‘a 8l‘6

in local coordinates. We make use of the usual summation convention. The operator

1 9 ofi afiNe Tt af
— B, o

is called p-Laplace operator (for p = 2 this is just the Laplace-Beltrami operator).
On the right hand side of (3) the Téj denote the Christoffel-symbols related to the
manifold N. According to Nash’s embedding theorem we can think of N as being

il



iv Abstract

isometrically embedded in some Euclidean space IR® since N is compact. Then, if
we denote by F' the function f regarded as a function into N C IR*, equation (3)
admits a geometric interpretation, namely

A F LTpN
with A, being the p-Laplace operator with respect to the manifolds M and R

For p > 2 the p-Laplace operator is degenerate elliptic. Another important property
of the p-Laplace operator is its strong monotonicity: There holds

(4) <_Apf+Apgaf_g> >cE(f—g).

for a constant ¢ > 0 which only depends on the geometry of M and N.

(Weak) solutions of (3) are called (weakly) p-harmonic maps. The concept of 2-
harmonic maps generalizes the notion of (closed) geodesics to higher dimensions.
Moreover, if we choose N = IR¥, we see that harmonic functions simply appear as
special cases of 2-harmonic maps.

The regularity theory of weakly p-harmonic maps involves an extensive part of the
theory of nonlinear partial differential equations. We mention the contributions of
Hardt and Lin, Giaquinta and Modica, Fusco and Hutchinson, Luckhaus, Coron and
Gulliver, Fuchs, Duzaar, DiBenedetto, Friedman, Choe, and refer to their work listed
in the bibliography. One of the most important recent results is due to Hélein [63],
who proved regularity of weakly 2-harmonic maps.

One possibility to produce p-harmonic mappings is to investigate the heat flow
related to the p-energy, i.e. to look at the flow-equation

(5) Oif — Apf LTyN.

For p = 2 Eells and Sampson showed in their famous work [32] of 1964, that there
exist global solutions of (5) provided N has nonpositive sectional curvature and that
the flow tends for suitable ¢, — oo to a harmonic map. We see that under the men-
tioned geometric condition the heat flow also solves the homotopy problem, i.e. to
find a harmonic map homotopic to a given map. Surprisingly, also a topological con-
dition on the target may suffice to solve the homotopy problem. Lemaire [74] (and
independently also Sacks-Uhlenbeck [88]) obtained this result under the assumption
that m = 2 and me(N) = 0. For negative sectional curvature and arbitrary p > 2
the homotopy problem was solved by Duzaar and Fuchs in [29] by using different
methods than the heat flow.

1984 Struwe succeeded to prove existence of weak solutions of the 2-harmonic flow
in the conformal case m = 2 (see [107]). He also showed uniqueness and described in
detail the singular set and the kind of singularities. In the higher dimensional case
Y. Chen [11] (and independently Keller, Rubinstein and Sternberg [72] as well as
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Shatah [96]) showed existence of global weak solutions of the 2-harmonic flow into
spheres. The proof relies on the “penalizing-technique” where a penalizing term

k
Fo(f) =7 [ 1f* = 1%dp
i

is added to the energy-functional. This technique together with Struwe’s so called
monotonicity formula (see [109]) was used in the corresponding proof for arbitrary
target-manifold N, which was given by Chen and Struwe in [16]. The existence of a
p-harmonic flow into spheres was shown by Chen and Hong as well as by the author
(first independently, then in a joint work [14]). It turned out that the case p > 2 is
technically much more difficult to handle than the non-degenerate case p = 2.

In Chapter 2 we prove existence of weak solutions of the p-harmonic flow into spheres
(with no restrictions on the manifold M). The main result is Theorem 2.4.

An important ingredient in the work of Chen and Struwe on existence of the 2-
harmonic flow in higher dimensions was the monotonicity formula. For p > 2 an
analogous statement is not known. Thus, an existence proof in the case p > 2 with
arbitrary target-manifold necessarily needs other techniques. Thereby we restrict
ourselves to the conformal case p = dim(M). So, the third chapter deals with a
priori estimates for that situation.

Beside a simple energy estimate we first get an a priori estimate for the L?’-norm
of the gradient of a solution of (5), provided the p-energy does not concentrate too
much:

(6) sup {E(f(t), Br(z)); 0 <t < T,z € Byr(y)} <e1 =
T
— / / \Vf|*Pdpdt < ¢ Ey (1 + %)
0 Bg(z)

for positive constants ¢ and £; depending only on the geometry of the problem. This
kind of conditional estimate is typical for the p-harmonic flow. If we consider the
equation (5) with N = IR* (i.e. for vanishing left side), one is tempted to apply
the regularity theory for degenerate parabolic systems, which has been developed
by DiBenedetto, Friedman, Choe and other authors. Unfortunately the right hand
side of (5) has natural growth, since it is of the order of the p-th power of the
gradient (“controllable” growth in the sense of Giaquinta would be |V f[P~1). This
fact forces the mentioned conditional assertions. In order to obtain a conditional a
priori bound for the gradient of the solution in L;S. we need an intermediate step: by
an iteration we first get a priori estimates for the L?-norm of the gradient of solutions
for arbitrary g €]2, oo[, again provided the above condition on non-concentration of
energy is fulfilled. Once the 2p-barrier is crossed, a Moser-iteration starts and gives
the desired L*™°-bound (where again the energy concentration condition is inherited).
Since it is possible to show that the energy does not concentrate too fast (i.e. if
the local energy is initially small it remains small for a certain time), the crucial
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assumption on the local energy remains fulfilled at least for a small time-interval as
long as it is fulfilled initially: in fact, for suitable constants ¢ and ¢y, > 0, depending
only on the geometry of the problem, there holds

(7) Sél]\f/)[ E(f(O), BQR(ZL‘)) < &gy —

1-1 ¢
= E(f(t), Br(x)) < E(f(0), Bar(2)) + cEy "7
where Ejy denotes the initial p-energy. The a priori estimates of Chapter 3 are needed
in the existence proof given in Chapter 4.

In order to show local existence of the p-harmonic flow for smooth initial data, we
adapt a method of Hamilton, who proved this fact for p = 2 (see [59]): to get rid
of the target constraint f(M) C N we consider a totally geodesic embedding of the
manifold N. Then the p-energy is approximated by the regularized energy

®) B0 =3 [ e+ lar) au

and the corresponding heat flow is investigated. By suitable choice of the totally
geodesic embedding of N the linearization of the regularized p-Laplace operator
becomes uniformly elliptic in the sense of Legendre. The theory of analytic semiflows
then yields local existence of the regularized flow. However, the existence interval
depends on the regularization parameter ¢ and hence, it has to be shown that it
does not shrink to zero with ¢ — 0. This can be done with the a priori estimates
of Chapter 3 which can be carried over to the regularized flow. An approximation
argument then gives local existence of the p-harmonic flow for initial data in the more
natural space W1P(M). For small initial energy the existence is global. Finally we
obtain global existence without a smallness condition and also a characterization
of the singular set as well as regularity statements outside this set. Singularities
may occur only at finitly many times and the number of singular times is a priori
bounded in terms of the initial energy since the decrease of the p-energy at every
singular time is at least e; > 0 (this constant only depends on M and N). The main
result is Theorem 4.9.

For p = m = 2 Struwe proved in [107] uniqueness of the harmonic flow in a class
called V(MT N) (see also Section 3.2). For p = m > 2 we obtain uniqueness
in the space L>(0,¢; W*°(M)). On the other hand uniqueness of the flow in the
class L*>°(0, T; W1P(M)) would imply regularity of weakly p-harmonic maps: if there
exists a weakly p-harmonic map f € WHP(M, N) \ WhH>(M, N) with p = dim(M)
then we have an example of a non-unique flow. In fact, as we show in Chapter 4
the p-harmonic flow with initial data f has a local weak solution g such that the
gradient |Vg| is finite for ¢ > 0. On the other hand f (considered as constant in
time) is a weak solution of the p-harmonic flow for the same initial data, but V f
remains unbounded for any time.

In Chapter 5 we show uniqueness of the p-harmonic flow for solutions in the class

L0, T; Wh=(M)).



Abstract vii

The famous example of Chang, Ding and Ye shows the phenomenon of finite-time
blow-up in the case p = m = 2 (see [10]). The question whether or not singularities
may occur in finite time for the conformal flow with p > 2 remains open. However,
the numerical results of Section 5.3 lend some support to the conjecture that we
may have finite-time blow-up also in the case p > 2.






Zusammenfassung

Seien M und N glatte, kompakte Riemannsche Mannigfaltigkeiten ohne Rand mit
Metriken v respektive g. Es bezeichne m die Dimension von M und n diejenige von
N. Die p-Energiedichte fiir eine C*-Abbildung f : M — N ist definiert durch

1 p
(1) e(f)(x) = ’ |dfe|

und die p-Energie durch

) E() = [ elfydu.

M

Dabei steht p fiir eine reelle Zahl aus dem Intervall [2,00[, |df,| fir die Hilbert-
Schmidt Norm beziiglich v und ¢ des Differentials

df. € T;(M) @ Tya)(N)

und p ist das durch die Metrik induzierte Mafl auf M.

Falls p mit der Dimension m der Mannigfaltigkeit M {ibereinstimmt, ist die Energie
E konform invariant, eine Tatsache, die vom Dirichlet-Integral (p = 2) wohlbekannt
ist.

Die durch Variation des Energiefunktionals gewonnenen Euler-Lagrange Gleichun-
gen der p-Energie lauten in lokalen Koordinaten und unter Verwendung der iiblichen
Summenkonvention

oft Ofi 5-1 oft Ofi
- _ a, ~ZJ ZJ afl 4
(3) Apf - <fy gl] 83:0“/ 8.’]:6) 7 Fz] 8.Ta axﬁ ]

wobei der Operator
1 9 afi ofiN:t af
— 1 B, B

auf der linken Seite von (3) p-Laplace Operator genannt wird und der fir p = 2
mit dem Laplace-Beltrami Operator zusammenfillt. Auf der rechten Seite von (3)
bezeichnen die Tﬁj die Christoffelsymbole der Mannigfaltigkeit N. Aufgrund der

X
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Kompaktheit von NV, ist es nach Nashs Einbettungssatz immer moglich, NV in einem
Euklidischen Raum IR* isometrisch einzubetten. Bezeichnen wir dann mit F die
Funktion f aufgefaBt als Funktion nach N C IR”, so erlaubt die Gleichung (3) die
geometrische Deutung

A,F LTpN,

wobei hier A, der p-Laplace operator beziiglich den Mannifaltigkeiten A und R*
ist.

Der p-Laplace Operator ist fiir p > 2 degeneriert elliptisch. Eine andere wichtige
Eigenschaft des p-Laplace Operators ist seine Monotonizitat. Es gilt namlich

(4) <_Apf+Apgaf_g> >cE(f—9)

fiir eine geometrische Konstante c.

(Schwache) Losungen von (3) werden (schwach) p-harmonische Abbildungen ge-
nannt. Diese Abbildungen verallgemeinern im Falle p = 2 den Begriff der (geschlos-
senen) Geoditen auf hohere Dimensionen. Ferner kénnen fiir N = IR* harmonische
Funktionen als spezielle 2-harmonische Abbildungen aufgefafit werden.

Die Regularitéitstheorie von schwach p-harmonischen Abbildungen beniitzt weite
Teile der Theorie der nichtlinearen partiellen Differentialgleichungen. Wir erwéahnen
hier etwa die Autoren Hardt und Lin, Giaquinta und Modica, Fusco und Hutchin-
son, Luckhaus, Coron und Gulliver, Fuchs, Duzaar, DiBenedetto, Friedman, Choe,
und verweisen auf deren im Literaturverzeichnis aufgefithrten Beitrédge. Eines der
wichtigsten neueren Resultate stammt von Hélein, der die Regularitdat von schwach
2-harmonischen Abbildungen nachgewiesen hat [63].

Eine Moglichkeit p-harmonische Abbildungen zu erzeugen besteht darin, den zur
p-Energie gehorigen Warmefluf§ zu untersuchen. D.h. man betrachtet Losungen der
Flufigleichung

(5) Oif — Ayf LTyN .

Fiir p = 2 konnten Eells und Sampson in ihrer beriihmt gewordenen Arbeit [32] von
1964 zeigen, dafl globale regulére Losungen von (5) existieren, falls N nicht-positive
Schnittkriimmung aufweist, und daf§ sich im Limes ¢, — oo (fiir eine geeignete
Folge t;) eine harmonische Abbildung einstellt. Mit Hilfe des Wérmeflusses ist
damit unter der genannten geometrischen Bedingung auch das Homotopie-Prob-
lem, d.h. eine zu einer gegebenen Abbildung homotope harmonische zu finden,
gelost. Erstaunlicherweise geniigt fiir m = 2 bereits eine topologische Bedingung zur
Losung des Homotopie-Problems: Lemaire [74] und, von ihm unabhéngig, Sacks-
Uhlenbeck [88] gelangten zu diesem Resultat unter der Voraussetzung me(N) =
0. Fir negative Schittkrimmung der Zielmannigfaltigkeit wurde das Homotopie-
Problem fiir p > 2 von Duzaar und Fuchs in [29] gelost, wobei allerdings eine ganz
andere als die Warmeflu-Methode zur Anwendung kam.
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Struwe gelang 1984 der Existenzbeweis fiir schwache globale Losungen des Flusses
im konformen Fall p = m = 2 (siehe [107]). Er konnte auch Eindeutigkeit zeigen
und beschrieb detailliert die singuldre Menge sowie die Art der Singularitaten. Im
hoherdimensionalen Fall zeigte Y. Chen [11] (und unabhéngig davon auch Keller,
Rubinstein und Sternberg [72], sowie von Shatah [96]) Existenz globaler schwacher
Losungen des 2-harmonischen Flusses in eine Sphare. Die im Beweis zum Einsatz
gelangte Technik, namlich einen “penalizing”-Term

k
)= [ 12 = 1Pdn
4]!‘

zur 2-Energie zu addieren, war dann (neben der sogenannten Monotonieformel von
Struwe [109]) auch das Hilfsmittel im entsprechenden Beweis fiir beliebige Zielman-
nigfaltigkeiten N, der durch Chen und Struwe geleistet wurde [16]. Die Existenz
eines p-Flusses in die Sphére wurde von Chen und Hong sowie vom Autor (zunéchst
unabhéngig, spéter in Zusammenarbeit in [14]) bewiesen. Dabei zeigte es sich bere-
its, dal der Fall p > 2 hinsichtlich technischem Aufwand erheblich schwieriger zu
bewaltigen ist als der nicht degenerierte Fall p = 2.

Im zweiten Kapitel wird die Existenz schwacher Losungen des p-harmonischen Flus-
ses in Sphéren bewiesen (ohne weitere Bedingungen an die Mannigfaltigkeit A).
Das Hauptresultat ist hier das Theorem 2.4.

Ein wichtiges Ingredienz im Beweis von Chen und Struwe ist die Monotonie-Formel
fiir den 2-harmonischen Fluf. Im Falle p > 2 steht eine entsprechende Formel nicht
zur Verfiigung. Um einen Existenzsatz fiir den p-hamonischen Flufl bei allgemeiner
Zielmannigfaltigkeit N zu erhalten, miissen daher andere Techniken zum Einsatz
gelangen. Dabei ist es naheliegend, sich auf den konformen Fall p = dim(M)
zu beschranken. Das dritte Kapitel handelt dementsprechend von a priori Ab-
schatzungen fiir diesen Fall.

Neben einer einfachen Energieabschatzung bekommt man zunéchst eine a priori
Abschitzung fiir die L*-Norm des Gradienten der Losung von (5), vorausgesetzt
die Energie ist lokal nicht zu stark konzentriert: Es gilt

(6) sup {E(f(t), Br(z)); 0 <t < T,z € Bop(y)} <e1 =
T
— / / IV f|*Pdpdt < ¢ Ey (1 + %)
0 Bg(z)

fiir nur von der Geometrie der Mannigfaltigkeiten M und N abhangige positive
Konstanten £; und ¢. Diese Art bedingter Abschatzungen ist typisch fiir den p-
harmonischen Fluf. Betrachtet man die Gleichung (5) mit N = R* (d.h. mit ver-
schwindender rechter Seite), so ist man versucht, die Regularitatstheorie fiir degener-
ierte parabolische Systeme anzuwenden, wie sie etwa von DiBenedetto, Friedman,
Choe und anderen entwickelt wurde. Ungliicklicherweise besitzt aber die rechte
Seite der Gleichung (5) im allgemeinen Fall ein natiirliches Wachstum, sie ist von
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der Ordnung der p-ten Potenz des Gradienten (“controllable growth” im Sinne von
Giaquinta ware |V f[P~1). Dieser Umstand erzwingt die angesprochenen bedingten
Aussagen. Um zu einer bedingten a priori Schranke fiir den Gradienten der Losung
in LS. zu kommen, mufl ein Zwischenschritt erfolgen: durch eine Iteration erhalt
man zunachst eine a priori Abschatzung fiir die L?-Norm des Gradienten fiir be-
liebiges ¢ €]2p, o[, wieder unter der Bedingung, da die Energie lokal nicht zu
stark konzentriert ist. Ist die 2p-Schranke erst einmal iibersprungen, startet eine
Moser-Iteration und liefert die gewiinschte L>°-Schranke, wobei die Bedingung iiber
die Kleinheit der lokalen Energie geerbt wird. Weil man zeigen kann, daf sich die
Energie nicht zu schnell konzentrieren kann, bleibt die mafigebende Voraussetzung
iiber die lokale Energie fiir eine gewisse Zeit erfiillt, falls sie es zur initialen Zeit ist:
fiir geeignete geometrische Konstanten ¢ und ¢, gilt namlich

(7) sup E(f(O), BQR(ZL‘)) < gy —

zeM
1-1 ¢
= E(f(t), Br(x)) < E(f(0), Bar(v)) + ¢ By "4
wobei FE, die Anfangsenergie bezeichnet. All diese a priori Abschatzungen werden
dann im eigentlichen Existenzbeweis im Kapitel 4 benotigt.

Um lokale Existenz des p-harmonischen Flusses fiir glatte Anfangsdaten zu zeigen,
adaptiern wir die Methode von Hamilton, von dem der entsprechende Beweis im
Falle p = 2 stammt (siehe [59]): Um sich von der Zustandsbedingung f(M) C N zu
befreien, betrachtet man eine total geodatische Einbettung der Mannigfaltigkeit N.
Die p-Energie wird dann durch die regularisierte Energie

Y2
2

®) Bf) = [ e+ 1a?) d

M

approximiert und der zu E.(f) gehorige WarmefluB untersucht. Durch geeignete
Wahl der total geodatischen Einbettung von N erreicht man, dafl die Linearisierung
des regularisierten p-Laplace Operators uniform elliptisch im Legendreschen Sinne
wird. Die Theorie der analytischen Halbgruppen liefert dann lokale Existenz des
regularisierten Flusses. Allerdings hangt das Existenzintervall zunéchst vom Regu-
larisierungsparameter € ab, und es muf} gezeigt werden, dafl es nicht mit ¢ — 0 gegen
Null schrumpft. Dies gelingt mit Hilfe der bereitgestellten a priori Abschatzungen,
welche auf den regularisierten Fluf} tibertragen werden konnen. Mit Hilfe eines Ap-
proximationsargumentes gelingt es dann lokale Existenz fiir Anfangsdaten aus dem
natiirlichen Raum W1'?(M) zu erhalten. Fiir kleine Anfangsenergie ist die Existenz
sogar global. SchliefSlich erhalt man auch globale Existenz ohne die Kleinheitsbedin-
gung, eine Charakterisierung der singuldren Menge sowie Aussagen iiber die Reg-
ularitat der Losung auflerhalb dieser Menge. Singularitdten kénnen nur zu endlich
vielen Zeiten auftreten und die Zahl singularer Zeiten ist beschriankt durch die An-
fangsenergie der Losung, da zu jeder singularen Zeit die p-Energie mindestens um
einen Betrag £; > 0 abnimmt (diese Konstante hangt nur von den Mannigfaltigkeiten
M und N ab). Das Hauptresultat ist das Theorem 4.9.
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Fiir p = m = 2 hat Struwe in [107] Eindeutigkeit des 2-harmonischen Flusses in einer
mit V(M7T, N) bezeichneten Klasse gezeigt (siche auch Abschnitt 3.2). Andererseits
wiirde Eindeutigkeit des p-harmonischen Flusses in der Klasse L>(0,T; W'?(M))
Regularitat schwach p-harmonischer Abbildungen implizieren: Falls namlich eine
schwach p-harmonische Abbildung f € WHP(M, N)\ W'*°(M, N) mit p = dim(M)
existiert, so gibt dies Anlafl zu einem nicht eindeutigen Flufl. Wie wir in Kapitel 4
zeigen, besitzt der p-harmonische Flufl mit Anfangswerten f eine lokale schwache
Losung g derart, dal Gradient |Vg| endlich ist fir ¢ > 0. Andererseits ist f (als
zeitlich konstant betrachtet) eine schwache Losung des p-harmonischen Flusses mit
denselben Anfangsdaten, jedoch mit stets unbeschranktem Gradienten.

Im Kapitel 5 zeigen wir Eindeutigkeit der Losung des p-harmonischen Flusses in der

Klasse L>(0,T; W (M)).

Die Frage, ob der konforme FluB fiir p > 2 in endlicher Zeit Singularitaten entwickelt
(so wie dies im konformen Falle fiir p = 2 das beriihmte Beispiel von Chang, Ding
und Ye zeigt), bleibt offen. Immerhin scheinen die numerischen Berechnungen im
Abschnitt 5.3 die Vermutung zu stiitzen, dal auch der konforme Fluf fiir p > 2 das
“finite-time blow-up” Phénomen zeigt.






Chapter |

Introcluction

1.1 The p-energy functional

Throughout this text M and N will be smooth Riemannian manifolds without
boundary of dimension m and n respectively. M and N are equipped with Rie-
mannian metrics v and g: On each tangent space T, M to M we are given an inner
product v, depending differentiably on the point € M. Similarly, on the manifold
N we have a family g, of inner products on the tangent spaces T, N. In local coor-
dinates x!,...,2™ on M the metric v is described by a positive definite symmetric

matrix function (Yag) <, g<m» Where Yo = (O, 95) denotes the inner product of the

m
coordinate vector fields 0, = a@. Thus, for general tangent vectors ¢ = > ©*0,
« a=1

and ¢ = > *9, in T,M we get

a=1

Yol ) = > Yap(@)ey’.

O67/3:]‘

On N the situation is similar. We usually use the summation convention that indices
occurring twice in a formula are to be summed on a range that will be evident in
the context in question.

The p-energy of a differentiable mapping f : M — N will be defined as the integral
of the p-th power of the derivative df. To make this precise, we first recall that
the differential df, maps the tangent space T,, M linearly to TN for each x € M.
There is a generic inner product and norm on the vector space of linear mappings
S, T between two inner product spaces. It is given by

ST :=traceT"S = trace S*T, |S|:=vS-S,

where the star denotes the adjoint that is built with respect to the underlying
inner products. Using this norm on the space of linear mappings from 7, M with

1



2 Chapter 1. Introduction

inner product v, to Tf) N with inner product gy we define the norm |df,| of
the derivative df, and use then the smooth measure p on M associated with the
Riemannian metric 7 to integrate |df,| over M:

Definition 1.1 The p-energy density of a Ct-mapping f : M — N is

p
2

! P = 1 race *

and the p-energy (integral) of f is

EU%z/dﬁmL

M

where the norm | - |, the adjoint star and the measure i are associated with the given
Riemannian metrics on M and N.

Note that we need to know existence of df, only p almost everywhere on M to define
E(f). The p-energy integral then exists at least for compact M; otherwise it may
diverge.

For concrete calculations we will need an expression of the p-energy in local coor-
dinates: Consider linear mappings S, T': T, M — T, N with matrix representations
(st) and (), i.e.

SOy = 5.0;, T, =10,
where again 0, with greek index denotes the coordinate vector fields on M at x,
whereas 0; with latin index denotes the coordinate vector fields on N in y. This
gives the following expression for the inner product of S and 7"

ST =7 (2)g;;(y)sit),

where (y*%(z)) is the inverse of the coefficient matrix (y,5(x)) of the Riemannian
metric v on M at x. Consequently, if f: M — N is locally given by n functions f°
of m variables, and hence

dfxaoz = aafl(x)al )
we obtain the coordinate expression for the p-energy density

(1.1) e(f)(x) = ’ (v ()95 (f (2)) 00 f' ()0 f () > -

For a representation of the measure 1 on M we use the local expression du = /v dx,
where

(VS|

V7 =/l det(vap)]

denotes the Jacobian of the coordinate system on M with respect to v. So, we infer
the coordinate expression for the p-energy integral of f

Eo(f) = [ e0n=3 [ (%00 Nousous)* rds.
Q

U
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Of course, U C M and 2 C IR™ denote the domain and the range of the coordinates
on M and it is assumed that f(U) is contained in the domain of the coordinates
chosen on N.

Quite often it is more convenient to assume that the target manifold N is a subman-
ifold of some Euclidean space IR* with induced Riemannian metric, i.e. the inner
product of two tangent vectors to N at a point y € N is simply their Euclidean inner
product, denoted by ‘-’. Then the p-energy density of a mapping f : M — N equals
the p-energy density of the same mapping but viewed as a map F = (F!, ..., FF)
from M into the Euclidean space IRF. With respect to the local coordinates on M
we get

(VS|

(1.2) e(f)=e(F)= (70‘68@]7 - 05F)

|

Note, that according to Nash’s embedding theorem it is always possible to find
an isometrical embedding of N in some IRF if N is compact: see Nash [86] or
Giinther [58].

1.2 Conformal invariance of the p-energy

How does the p-energy behave under the action of a mapping? Let K be another
smooth Riemannian manifold with metric A of the same dimension as the manifold
M and consider the mappings

v: K= M,
f: M — N,
fop: K—N.

The chain rule implies for the derivative of the composition fop at y € K
d(fop)y =df) odpy.
Thus, when ¢ is a conformal mapping of K to the manifold M the following is true:

d(f 0 @)yl = (J,) ™ |dfri] -

Here, (Jq,y) denotes the Jacobian of ¢ in the point y € K. Hence, we obtain

Proposition 1.2 The p-energy is invariant under conformal mappings p : K™ —
M™, i.e. forall f € CY(M,N) there holds Ex(f o) = Eyx)(f), if and only if the

dimension m of the domain manifold equals p.
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This fact is of course well-known in the case of the Dirichlet integral which we get
in case p = 2. The so called conformal capacity in higher dimensions has been
studied by C. Loewner (see [79]). The conformal invariance of the p-energy is a
convenient tool in considerable parts of the theory since one is allowed to switch
freely between conformal charts. Especially in two dimensions we recall the fact
that every Riemannian surface is locally conformal flat.

There are other reasons why the conformal case is of special interest: Another place
where the dimension of the domain manifold enters the discussion are the diverse
Sobolev embeddings. There it will turn out that the limiting case dim(M) = p
admits a more accurate theoretical treatment.

1.3 The first variation of the p-energy

Given a class F' of mappings from M to N defined by boundary conditions on OM (if
there is a boundary) and possibly additional topological conditions, e.g. a homotopy
class, we may try to minimize the p-energy within the class F'. One may hope that
the solution of this minimization problem is a map in F' with particular analytic and
geometric properties. A necessary condition that must be satisfied by a p-energy
minimizing map f is, that the first variation of the p-energy must vanish at f for
all variations of f with compact support in the interior of M. To compute the first
variation of the p-energy we consider variations f; : M — N of f = f; for |t| small
such that f;(z) is of class C! in the variables (z,t) and f;(z) = f(x) for all ¢t and
all = outside some compact subset K C M which is contained in the domain U of a
coordinate system z!, ..., 2™ on M with range € and is mapped into the domain of
a fixed coordinate system y',...,y™ on N by all f,. Now, the support of the initial
vector field of the variation
d
Vi(z) = Eft(ﬂf) € TiyN
t=0

_ _ dt
We remark that it is no restriction to assume f/(x) = f;(x) +tV*(z). Now, E(f;) is

finite for small |¢] if E(f) is finite and we may differentiate under the integral sign
in the first variation

is contained in K. We also assume that V is of the class C* and 9,V = 44, ftz‘ —o

SE(f,V) =

ps|
=
|

S

if
o

(v (gij 0 ft)aaffagff)g Vrde| =

t=0

T3 (g 0 )0u 05V +

I
Sl
D
"=

p
2

8 (gij 0 f1)0ufidsf})

I
D

42 (000 NS D V) .
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Here, an index separated by a comma denotes the derivative with respect to the
indexed variable, e.g. g;;; 1= ngl etc. If f is of class C? we may use integration

by parts and after a short calculation we find that vanishing first variation is in that
case equivalent to

10 of o\ s Of
Y ap, 91 91" ag, 91 | _
i i\ 51 i
L (e OPNE L or oft
2 ! 0z Oz I O 9B

in Q for j =1,...,n. Now, we introduce the Christoffel symbols

1
(1.4) I} = 3 9" (Gikj — Gijor + Gjk.)

of the metric g with respect to the coordinates chosen on N. By means of the
quantities (1.4) we can rewrite the equation (1.3) to get the equivalent form

1 9 afi afiN: ™ af
-9 ap, 91 O a9\ _
(1.5) 77 927 (ﬁ (’V Jiig axﬁ) 7
afi 8fj 5-1 afi afj
__(~es, 91 OF appl 91 0J°
(7 i g axﬁ) Ty Oz 0z

in Q for { = 1,...,n. The systems (1.3) and (1.5) of partial differential equations
are referred to as Euler-Lagrange equations of the p-energy. So, we conclude

Proposition 1.3 For f of class C?, coordinates on U C M with range Q and
coordinates on N with domain containing f(U) the first variation dE(f, V') vanishes
for all C* wvector fields V(x) € Ty N with compact support in the interior of U if
and only if the Euler-Lagrange equations of the p-energy functional hold in Q.

Definition 1.4 The operator on the left hand side of (1.5) is called p-Laplace op-
erator related to the manifolds M and N and is denoted by A,:

1 9 afi ofiN: "t af
Af = —— B gy =t of =
2 V7 0P (ﬁ (7 Jid g axﬁ) T oz
We suppress the related manifolds M and N in the notation.

Example 1.1 A, is simply the Laplace-Beltrami operator of the manifold M and
does not depend on NNV. O

A, is a linear elliptic diagonal matrix operator in divergence form. For p > 2 (0 <
p < 2) the operator is degenerate (singular) at V f = 0. The right hand side of (1.5)
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is for p = 2 a quadratic form in the first derivatives of f with coefficients depending
on f. These strong nonlinearities are caused by the non-Euclidean structure of the
target manifold N and cannot be removed by special choices of coordinates on N
unless N is locally isometric to Euclidean space IR". But even in this case the space
of mappings from M to N does not possess a natural linear structure unless NV itself
is a linear space. In general, the right hand side of (1.5) is of the order of the p-th
power of the gradient of f.

For p = 2 there is a general theory of nonlinear elliptic systems of partial differential
equations with linear second order diagonal principal part of divergence form and
first order nonlinearities with quadratic growth. The Euler-Lagrange equation of the
2-energy is a model for this theory. Nevertheless questions arising from the global
structure of the target manifold N cannot be answered by this kind of theory.

Definition 1.5 A mapping f : M — N is called p-harmonic if it is of class C? and
satisfies the Fuler-Lagrange equations for all choices of coordinates on M and N.

Remark: Using variations in the domain, i.e. variations of the form

fe(@) = fz +1((x))

where ¢ = (¢*,...,¢™) with each (7 € C§°(B,(y)), we obtain from %ft(:p)}tzo =
0 an equation whose classical solutions contain the set of the p-harmonic maps.
However its weak solutions need not contain the set of weak solutions of (1.5). Weak
solutions to both of the equations are usually referred to as “stationary p-harmonic
maps” (see Evans [36]). The above discussion thus proves that p-energy minimizing
implies stationary p-harmonic. Weakly p-harmonic maps admit in general far worse
singularities than the energy minimizing maps. Many results are known about
stationary p-harmonic maps. See e.g. Duzaar and Fuchs [28], Fuchs [42] and [45]

and for some recent results on this topic Strzelecki [117] and [118].

The above intrinsic formulation of the Euler-Lagrange equations (1.3) or (1.5) is
not always appropriate. If NV is compact, we may think of N as being isometrically
embedded in some IR*. Let S ¢ IR* be a tubular neighborhood of N and 7y : S — N
the (smooth) nearest-neighbor projection. Denote T,N C TI,]R/LC the tangent space
to N at a point p € N. Let ¢ € C}(M,IR*) satisfy

gO(J?) € Tf(JC)N

for all x € M and ¢ having compact support in a single coordinate chart of M.
Then ¢ induces a C'-variation at f : M — N C IR*:

fe=mno(f +1p).
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Now, we can calculate the first variation and get
of of\: ' _oaf oy
_ af ) af 242X mde =
/ (7 Jz>  OaP ) T oz 9P Vde
M

= —/Apf-soﬁdx

M

(16 L

t=0

where p is the measure on M and A, denotes the p-Laplace operator related to M

and IR”, i.e.
1 9 Ofi 9fiN: of
Afo b 9 ap 01" OF" as 91 )
2 V7 0P (ﬁ (7 Oz~ 8905) T oz
Thus, the first variation vanishes at a C? map f if and only if

(1.7) A,f LT;N .

We can make (1.7) more explicit if we introduce a local orthonormal frame v, 1,
...,y for (T,N)*, the orthogonal complement of T, N in IR*. Then, by (1.7) there

exist scalar functions A"*!, ..., \* such that
k
(1.8) A f =Y Nwmof).
I=n+1

Multiplying (1.8) by v; o f (i fixed) and using the fact that g—f -y(f) =0 for all
l»oz

a, we obtain

- OF OF \*' 5087 avl(f)
1. A= (ef 2L af i
(1.9) (7 oxe 8:1:5) T ore 918

Which one of the three given forms of the Euler-Lagrange equation describing p-
harmonic mappings we use will be decided from case to case.

Example 1.2 If M = 7" = R™/ Z™ and N = S" C R""!, equation (1.8) simply
becomes

(1.10) =V(VIP2V ) = VIS

If further m = 1, i.e. M = S', it is easy to check that the constant mappings
f = ce S and the isometric embeddings S* C S™ are solutions of (1.10). O

Since we started with a coordinate free definition of the p-energy, it should be
possible to derive a coordinate free formulation of the Euler-Lagrange equations. If
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d
(f:) is a variation of f: M — N with variational vector field V' := 7 ft then we
=0
find for the first variation t

d

(1.11) SE(f)

— [t 5oV ardu,

M

t=0

Here, V denotes the pull-back covariant derivative in the bundle T*M ® f~'T'N. If
f is of class C? it is not hard to obtain from (1.11) the desired coordinate free form
of the Euler-Lagrange equation:

(1.12) C(£)7(f) + (1= ) grad () = 0

Here, 7(f) denotes the tension field of f: 7(f) = trace, Vdf. For p = 2 equa-
tion (1.12) reduces simply to

7(f) =0,

a formula that is derived in Steffen [89] in a very lucid way.

Example 1.3 The identity mapping idy; : M — M of a Riemannian manifold is
p-harmonic. Since d(idys) has constant coefficients with respect to all coordinate
systems on M, Vd(idy) = 0 and the first term in (1.12) vanishes. On the other
hand, the p-energy density e(id,;) is constant and hence the gradient in the second
term disappears, too. We remark that in general id,; is not p-energy minimizing
within its homotopy class (see Eells-Lemaire [31]). O

1.4 Weakly p-harmonic maps

Using the direct method of the calculus of variations to find a function which min-
imizes the p-energy, the function one obtains may fail to be smooth. Thus, using
this approach, one may not expect to get a p-harmonic mapping in the classical
sense. However, the resulting function will be weakly p-harmonic, i.e. it will satisfy
the Euler-Lagrange equations for p-harmonic mappings in the sense of distributions.
We use (1.6) to formulate the definition:

Definition 1.6 A mapping f : M — N C IRF is called weakly p-harmonic if it
satisfies the Euler-Lagrange equations for p-harmonic mappings in the sense of dis-
tributions, i.e. for each coordinate chart Q2 on M there holds

of af\: ' _of oy
as 91 as 91 9% _
Q

for all smooth mappings ¢ with compact support in 0 and satisfying ¢(x) € Ty)N
forallz € M.
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Considering the p-energy E(f) of mappings f : M — N, experience from the
calculus of variations shows that there is only one possible choice of topology for
which the direct method to minimize energy can be expected to work successfully.
Namely the weak topology with respect to a Sobolev W!'P-norm. But here we
encounter a fundamental difficulty: The target manifold /V is not a linear space and
hence there is no obvious definition of a Sobolev space W1P(M, N) of p-integrable
functions from M to N with p-integrable derivatives. For two functions f,g: M —
N we could try to define the deviation in the p-integral sense by integrating up the
p-th power of the Riemannian distance dy(f(z), g(x))? of the values f(z) and g(z) in
N with respect to the Riemannian measure on M. But there is no immediate way to
define the p-integral deviation of the derivatives df and dg since 9, f(x) € TN and
0ag(x) € Tyz)N belong to two different tangent spaces of IV, in general. But since
we will deal only with compact manifolds, we may think of N as being embedded
in some Euclidean space IR¥. Thus, the following definition becomes reasonable.

Definition 1.7 The space of mappings of the class WP from M to N is
WP (M, N) := {f € W"*(M,RF); f(x) € N for u-almost all x € M}

equipped with the topology inherited from the topology of the linear Sobolev space
Whe(M, IRF).

The nonlinear space WP(M, N) defined above depends on the embedding of N in
the IRF. This fact does not cause any problems if M and N are compact: In that
case different embeddings give rise to homeomorphic spaces WHP(M, N). Using an
isometric embedding of N in IR” the p-energy density of a function f € Wh?(M, N)
may be defined by the expression (1.1) that we had for smooth functions. Note
that the partial derivatives d,f (f viewed as a function of M to IR¥) exist y almost
everywhere on M. Again, the scalar product of 0, f(z) and Jgf(x) in the tangent
space Ty N with respect to the Riemannian metric gs) of N and the Euclidean
scalar product of 9, f(z) and df(z) viewed as vectors in IR* coincide. Thus, the p-
energy of W1P(M, N) mappings f is an intrinsic quantity, independent of the chosen
isometric embedding of N. This is of course not true for the p-integral of f itself.

Thus, the norm
(M/ frdu-+ [ lafra
M

in W'?(M, N) remains dependent on the embedding. For an intrinsic definition of
the space WP(M, N) see Federer [37]. We will content ourselves with the given
definition since different embeddings lead to isomorphic spaces W'?(M, N) with
the same topology in the case when M and N are compact. A basic observation
involving the above notions is the following proposition:

Proposition 1.8 The p-energy functional is (sequentially) weakly lower semicon-
tinuous on WIP(M, N).
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The space H'?(M, N) defined as the closure of the class of smooth functions from M
to N in the W1P-norm is contained in W'?(M, N) but does not coincide with the lat-
ter space in general (this fact gives rise to the so called “gap phenomenon” of Hardt-
Lin [61]). This important observation was first made by Schoen and Uhlenbeck:
see Eells and Lemaire [31] as a main reference. However, we have H'?(M, N) =
WhtP(M, N) if dim(M) = p (see Schoen and Uhlenbeck [93], Bethuel [2] or Bethuel
and Zheng [4]).

1.5 The Heat Flow Method

A basic existence problem for p-harmonic maps is the following:

Homotopy problem: Given a map fo : M — N is there a p-harmonic map f
homotopic to fo?

This question is very well understood in the case p = 2 of harmonic mappings. In
that particular case, the answer is affirmative if the sectional curvature KV of N
is non-positive (see Eells-Sampson [32]), or—in case of a two-dimensional surface
M—if the second fundamental group of N is trivial: m(N) = 0 (see Lemaire [74]
and Sacks-Uhlenbeck [88]). Eells and Wood destroyed the hope for a more general
theorem by the following counterexample in [33].

Example 1.4 If f : T? — S? is 2-harmonic, then deg f # £1. O

Another counterexample has been given by Lemaire in [74]. Thus, in general the
attempt to solve the homotopy problem by minimizing E within a given homotopy
class will fail: Homotopy classes are not weakly closed in W'?(M, N) generally.
This is made explicit by the following example, whose construction relies on the fact
that the conformal group on SP acts non-compactly on W1?(SP SP).

Example 1.5 Let D, : R? — R”,z — Az denote the dilation by factor A and
7y o SP\ {q} — IRP the stereographic projection with respect to a point ¢ € S?.
Both, D) and 7, are conformal mappings. Thus, by Example 1.3 and Section 1.2
the composition

f)\:ﬂq_loD,\owq : SP— SP

is p-harmonic for any choice of A\. All the f) have p-energy e, := p%_1|5p|. Any
other homotopically nontrivial map f : SP — S? is necessarily surjective. Then,
using the fact that the geometric mean is smaller than the arithmetic mean, and
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1
hence that |Jf|% < =|df|?, we get
D

€p = p§71|5p|§

< p%—l/ufmug
Sp

£-1 1 : P, —
i | (p) dffPd = E().

Sp

IA

Thus, the maps f, are even p-energy minimizing within the homotopy class of the
identity id = f; : SP — SP. But on the other hand we have

h—=Jfe={a (A= o0
weakly in W1P(SP, SP). O

The examples given above show that it may be difficult or impossible to solve the
homotopy problem for p-harmonic maps by direct variational methods. As the key
idea to get around the trouble one encounters dealing with the homotopy problem
and to attack the problem from another direction, Eells and Sampson proposed
in [32] to study the heat flow related to the 2-energy:

(1.13) fi —Dof =AYV )u on M x [0, 00
with initial and boundary data
f=foatt=0and on OM x [0, 00|

for maps f : M x [0,00[— N C R*. Here, A(f) : TN x TfN — (T;N)* is the
second fundamental form of N: see Section 1.3. The idea behind this strategy is
of course that a continuous deformation f(-,¢) of fy will remain within the given
homotopy class. Since (1.13) may be interpreted as the L?-gradient flow for the 2-
energy, one may hope that the solution f(-,¢) for t — oo will come to a rest at some
critical point of E that is a harmonic map. For target manifold N, satisfying the
geometric restrictions mentioned above, this program has been applied with success
for p = 2.

A new approach to the homotopy problem for p-harmonic maps has been given
by Duzaar and Fuchs in [29]: they extended the Eells-Sampson result to the case
p € [2,00) by using an asymptotic analysis of the not degenerate energy | ayle+
\df |?)?/%dy, e > 0. We will also use this regularized energy functional in Chapter 4
to study the conformal flow and we will solve the homotopy problem in the conformal
case at least for small energy by constructing a regular flow.

The aim of the next chapters will be to study the heat flow related to the p-energy
functional

(1.14) fir = Apf = (pe(f)' P ANV V) on M x [0, 00]
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with initial data
f = fo att =20
for maps f : M x [0,00[— N C IRF (compare Section 1.3).

To get familiar with the notion of p-harmonic flow we close this section with the
following simple example:

Example 1.6 Consider the heat flow of S! into S™ with initial map f, being a
scaled embedding of S! in S™. We make the following ansatz for a solution

f(s,t) = (r(t) cos(s), r(t)sin(s), z(t), ..., 2(t))

with radius r(t) and r%(t) + (n — 1)2%(t) = 1. s is the arclength on S*. Thus, the
equation for the heat flow reduces to an ordinary differential equation for r(¢):

dr

(1.15) -

= —rP N1 —r?).

For r(0) = rg = 1 we get a stationary solution of the considered heat flow, whereas
an initial circle with radius 7o < 1 shrinks to a point. The shrinking time is finite
for p < 2 and infinite for p > 2 since the integral

T0

/ dr
rP=1(1 —1r2)

0

diverges exactly for p > 2. For p < 2 z%?nd shrinking time ¢y the leading term in the
expansion of E(f(t)) in tg is ¢(to — t)2>=7 and hence the p-harmonic flow is not very
smooth in this case.

The general solution of (1.15) is
2 2
1 g l—r TR
510g<§1—7’8)’ tp=2

rbriF (1, 1-52— g,TQ) — rPr2F (1, 1-%22— g,rg)

(p—2)rerg

t(r) =

, ifp#2

where F' denotes the hypergeometric function. The following pictures show the
behaviour of the solution for some values of p: Starting with radius ro = 0.95 at
time t = 0 the plots show the graph of r(t). O
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Figure 1.1: Finite vanishing time: p = % on the left and p = % on the right.
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Figure 1.2: Infinite vanishing time: p = 2

on the left and p = 3 on the right.






Chapter )

p—harmonic Flow into Spheres

2.1 Introduction

In this chapter M is a compact m-dimensional smooth Riemannian manifold without
boundary and N is the unit sphere S™ of R"™!. In local coordinates z', 22, ... 2™
the metric v on M is represented by the matrix (y4z) The p-harmonic mappings

f: M — S™ are the C*-solutions of the equation

(2.1) —Apf =pe(f)f

mxXm”

where A, denotes the p-Laplace operator related to the manifolds M and R+
and e(f) is the p-energy density of f as defined in the previous chapter. A map
f € WhHP(M, S™) satisfying (2.1) in the sense of distributions is called a weakly
p-harmonic map. WHP(M, S™) is the Sobolev space defined in Section 1.4.

Example 2.1 Let f: B;(0) C IR" — S"! be the mapping

frx— S
]

Then, f is a weakly p-harmonic map for any p € [2,n[ (for p > n the energy gets
infinite). O

One way to produce more examples of (weakly) p-harmonic maps f: M — S™ is to
study the heat flow related to the p-energy. The hope is that the flow will tend to
a p-harmonic map for ¢ — oo. If the flow is smooth this procedure also gives as a
by-product the solution to the homotopy problem (see Section 1.5).

For p = 2 Yunmei Chen was able to show existence of global weak solutions of the
heat flow of harmonic maps from compact Riemannian manifolds without boundary
into spheres (see [11]). The same result was independently obtained by Keller,

15
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Rubinstein and Sternberg in [72] and also by Shatah in [96]. The main purpose of
this chapter is to generalize this result to the case 2 < p < oo, that is to study the
global existence of weak solutions of the following evolution problem for mappings
f:M x[0,00[— S™ Cc R""

(2.2) Of —Apf =pe(f)f  on M x|[0,00]
(23) 0= fo on M
(2.4) lfl=1 p-a.e. on M x [0, 00,

where A, is the p-Laplacian of M and IR™*, and e(f) is the p-energy density of the
mapping f. We will approximate a solution to (2.2)—(2.4) by the solutions to the
penalized equation

(2.5) Oufs — Dpfu + k|2 =1 (f2=1)f =0

on M x [0,00[ and for £k = 1,2,... . This equation comes from the penalized energy
En(f) := E(f) + Fx(f) for functions f : M — IR"™ with

A
M

The energy Fj punishes values of f which are away from S™. Of course, the hope
is that for £ — oo the stationary points of Fj will take values in the sphere and
solve the problem (2.2)—(2.4). The constant « has to fulfill some technical condition,
namely%<a< m+%ifp§mandazlifp>m. For fixed k, we will use
Galerkin’s method to prove the existence of weak solutions of the penalized equa-
tion (2.5). The “monotonicity trick” will be used in this proof. However, due to the
higher nonlinearity of the p-Laplacian for p > 2 we will have difficulties to prove that
for k — oo, fi converges to a map f which is a weak solution of (2.2)—(2.4). From the
energy inequality we know that fj, is uniformly bounded in L (0, T; W'?(M, R"1))
and that 0, f; is uniformly bounded in L?(0, T; L?*(M,IR"™")). By a modification of
Kondrachov’s compactness theorem, we can prove that fj strongly converges to f in
LP(0,T; LP(M,R"*1)). The main difficulty is to prove that |dfi|P~2df; converges to
|df [P~2df weakly in LP'(0,T; L” (M)). Fortunately, the term k |2 — 1]°*7 (f2—1) fy
is not “too bad” and uniformly bounded in L'(0,T; L'(M,IR™"")). Therefore, we
can modify a compactness assertion presented by Evans in [35] to obtain the strong
convergence of dfy, in L(0,7; L9(M)) for each 1 < ¢ < p and to overcome this
difficulty.

This chapter is based upon joint work with Yunmei Chen and Min-Chun Hong
(see [14]).

2.2 Preliminaries and the penalized approxima-
tion equation

In this section we shall give some lemmas and prove the global existence of weak
solutions to the penalized approximation equation.



2.2. Preliminaries and the penalized approximation equation 17

First, we state a lemma so called the “decisive monotonicity trick” or “Minty’s
trick”. A proof can be found in Zeidler [132].

Lemma 2.1 Suppose that X is a reflexive Banach space and X* is the dual space
of X, suppose also that an operator A : X — X* satisfies

(i) A is monotone on X, i.e. (Af —Ag,f—g) >0 forall f,g € X.

(ii) A is hemicontinuous, i.e. the map t — (A(f + tg),h) is continuous on
0,1] for all f,g,h € X.

Then, it follows from

(iii) f, — f weakly in X asn — oo, Af, — b weakly in X* as n — oo and

lim sup(Af,, fu) < (b, f)

n—oo

that
Af=0b.

For 2 < p < oo, let X = WH(M,R"") and X* = W~ (M,IR"™) where

% + ]% 1. Then the operator —A, may be considered as an operator from X to
X* by
(2.6) Ay o= [ Y= / |dp[P~2 trace(dy*di)) dp

M

Of course, the operator —A,, is monotone. This is easily derived from the convexity
of the p-energy functional (see Evans [35] or Brézis [5]). However, the simple mono-
tonicity property of —A, will not be enough for our purposes. We will need the so
called strong monotonicity later, i.e.

(2.7) <_Apf+Apgaf_g> >cE(f—9)

holding for some constant ¢ which only depends on the geometry of the manifold
M. The strong monotonicity property of —A,, follows from the following lemma and
the compactness of M.

Lemma 2.2 Let p > 2. Then there holds for all a,b € R™

(laP~2a — [b[P~2b) - (a — b) > 2P~ 2|a — b|P.
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Proof
By a suitable rotation and dilatation, the problem reduces to two dimensions where
the verification is elementary. O

In the sequel, we will often use the operator —A, in its integrated form, i.e. as an
operator mapping the space L?(0, T; WP (M, IR™ ™)) to its dual L¥ (0, T; W~ (M,
R"*)) by

T
(2.8) A, lp»—>//|d<p\p2trace(d<p*dw) dp dt
0 M

By Lemma 2.2, it is now easy to verify that —A, defined in (2.8) satisfies the
assumptions (i) and (ii) on the operator A in Lemma 2.1.

Therefore we have

Corollary 2.1 Consider —A, as the operator defined in (2.8). Suppose that {f.}
converges to f weakly in LP(0,T; WYP(M,IR"*)) and that

n—o0

T
(2.9) lim sup (—A, fn, fn) < trace(w*df ) du dt
/]

where w is the weak limit of the sequence {|df,[P~2df,} in L (0,T; LY (M,IR™")).
Then it follows that the sequence {—A,f,} converges to —A,f weakly in the space
LP (0, T; W5 (M, IR")).

Proof
The weak convergence of {|df,|P~2df,} to w in L (0, T; L (M, R™")) implies

T

(—Apfo, @) ://|dfn\p2trace(df;dg0) dpdt —

0

T
— //trace(w*dw) dpdt =: (b, )
0

M

for all ¢ € LP(0,T;WH(M,R""")). In other words we have —A,f, — b in
LP(0,T; W5 (M, TIR™")). But now, (2.9) is just the additional condition we need
to apply Lemma 2.1:

limsup(=A, fn, fn) < (b, f)

n—o0

and the assertion follows. O

Remark: The p-Laplace operator is even maximal monotone, i.e. from (—A,f —
go, f — fo) > 0 for all f € X it follows g9 = —A, fo. The maximal monotonicity
property follows from the hemicontinuity of the operator by the following lemma
due to Browder and Minty:
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Lemma 2.3 (Browder, Minty) Let X be a real Banach space and A : X — X*
a hemicontinuous (not necessary monotone) operator which acts from X to its dual

X*. Let fo € X and go € X* be fized. If (Af — go, f — fo) > 0 for all f € X then
go = Afo.

An easy proof can be found in Vainberg [125]. The proof we present in this section
may be formulated also in terms of the concept of the maximal monotonicity.

Before we are able to prove the existence of global weak solutions of the penalized
problem we mention the following useful compactness result.

Lemma 2.4 Suppose that {fi} is bounded in L>(0,T;W'(M)),1 < p < oo and
{0ufi} is bounded in L*(0,T; L*(M)). Then {fi} subconverges to f strongly in
L7(0,T; L™ (M)) for each r satisfying p < r < mm__?;)_

Proof
By the Kondrachov compactness theorem (see e.g. Gilbarg and Trudinger [53]), we
know that there exists a subsequence, still denoted by {f;}, such that there holds

(2.10)

fi = f strongly in L'(0,T; L'(M)) and f € L>(0,T; WhP(M))
as [ — 0o. On the other hand, by using Holder’s inequality, we have the estimate
(2.11)

p*—r r—1
p*—1

O/J\fz—flrdudtﬁ O/Al|fl—f\d,udt | O/A[m_ﬂp*dﬂdt

where p* = P denotes the Sobolev exponent. Now, (2.10) implies that the first
m —

factor in (2.11) converges to 0 for [ — oco. The second factor in (2.11) is bounded
because of the Sobolev inequality and the assumption that the sequence {f;} is

bounded in L>(0,T; WhP(M)):
Il fi — f||Lp*(M) <cllfi = fllwrran < C forall t € [0,7] and all [.

This proves the assertion. a

Remark: The above proof still works for the weakened assumption that the se-
quence {0, f;} is bounded in L*(0,T; L*(M)).

We approximate a solution to (2.2)—(2.4) by solving the penalized equation (2.5)
with the initial data

(2.12) fi(0,2) = fo(x), VYreM, k=1,2,....
We will use Galerkin’s method and the decisive monotonicity trick respectively

Minty’s trick to solve the problem (2.5) and (2.12) for every fixed £ > 1. We
will also obtain an energy estimate.
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Theorem 2.2 For initial data fo € WYP(M,S™), 2 < p < oo and every fived
k > 1, there exists a weak solution fy for the penalized approximation equation (2.5)
and (2.12). For any t > 0 this solution satisfies the energy inequality

2.13 10yt + B0 < E (o).
0

Proof

In this proof we will suppress the index k in the notation. Assume that {w;};emn, is
a base in the space WP(M,IR"*!). For any fixed positive integer I, we try to find
an approximate solution f; in the form

!
filt) = Zgil(t)wi
i=1
such that
(2.14) L= Dpfi+ k[ =17 (f = D fywy) =0
or explicitly

/ (flle + |dfi[P~? trace(df; dw;) + k ‘le - 1‘204—2 (ff — 1)fle> dp =0

M

for 1 <7 <, with

(2.15) fi(0) = fou
where
!
(2.16) fo = Zfiwi — fo strongly in WHP(M,IR™*) as | — oo.

i=1
By the well-known results on the systems of ordinary differential equations, the

Cauchy problem (2.14)—(2.15) has a unique short time solution f;. Using the time
derivative f; as a testfunction in (2.14) we find the following energy equality

(2.17) / Vs an d7 + Ex(fit)) = Ex(for)

Then, by these uniform estimates on the local solution, there exists a global solution
fi such that f; € L>(0,00; WHP(M,R™)), f/ € L*(0,00; L*(M,IR"™)) and the
energy equality (2.17) holds for all ¢ > 0. Thus, we have that

(2.18) {f/} is a bounded set in L? (0, 00; L*(M,IR"™")),
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and from Poincaré’s inequality and the definition of Ej we further conclude that

(2.19) {fi} is a bounded set in L* (0, oco; W (M, ]RnJrl))
and
(2.20) {fi} is a bounded set in L> (0, co; L**(M,R")).

By the compactness of the spaces mentioned in (2.18)—(2.19) and Lemma 2.4, one
can pass to a subsequence (without changing notation) to get

(2.21)  fy = f weakly* in L (0, 00; WH*(M, R" 1)),
(222) f[l - f/ Weakly n L2 (07 o0; L2<M’ ]];{n-i-l))

(2.23)  fi — [ strongly in L, (0, 00; LP(M,R"")) and a.e. on Ry x M
as [ — 0o. Moreover, from (2.19) we have
(2.24) |dfi[P~2df, — w weakly in L” (0,T; L¥ (M, R"™))

as | — oo. From (2.10), (2.22) and (2.24), we get that for any C'*°-function ¢ : t —
©(t) there holds

T

(2.25) k / / F2 = 1222 = 1) fwo(t) dpudt —

0
T T
— —//f’wJ-(p(t) d,udt—//trace(w*dwj)w(t) du dt
0 0 M

M

as | — oo. Since {w;} is a base in WLP(M,IR"™) and ¢ was arbitrary, (2.25) shows
that

k|f2 =172 (f = 1)fi — —f — b in distributional sense
with ( f ftrace w*dy) dp dt. However, from (2.19)—(2.20) and the assump-

tion on «, we know that

(2.26)

2a0—2

kAP =1

Therefore, we conclude that

(|fi* = 1)f; is bounded in L¥ (O,T; Lp/(M, RnJrl)).

(2.27)
kI =177 (ff = 1)fi = —f —b weakly in L? (0,T; L (M, IR"*)).
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From (2.10) and (2.22), (2.23) and (2.27) we obtain that

(2.28) limsup(—A, fi, fi) =
=00
= timsup ((ff, )+ (k|7 =177 7 = D ) =
= (S H+ D=0 =
T
— //trace(w*df) dpdt .
0 M
By Corollary 2.1 we get that, as [ — oo,
(2.29) —A,f; = —A, f weakly in L' (0,75 W=7 (M, R"™)).

Moreover, from (2.23) and (2.26) we know that as [ — oo,

2a2

(2.30) k|f2—1] C=Dfi = k|21

2a2

(f*=1f
weakly in L¥' (0, T; L¥ (M, IR™™)).

In the limit [ — oo the energy equality (2.17) turns into the energy inequality (2.13)
and it follows from (2.22), (2.29) and (2.30) that for every k& > 1, the problem (2.5)
and (2.12) has a global weak solution fj satisfying

(2.31) fr € L (0, 00; WHP(M))

and

(2.32) O fr € L* (0,00; LA(M))

This proves Theorem 2.2. O

2.3 Global existence of weak solutions

In this section, we shall prove that the sequence { fi} of the solutions of the penalized
equation (2.5) and (2.12), constructed in the previous section, weakly converges to
a map f which is a weak solution to (2.2)—(2.4).

Definition 2.5 A function f is said to be a global weak solution to (2.2)-(2.4), if
f is defined a.e. on M x R, such that

(DJ) f c L (0,00;WLP(M, IRnJrl)); atf c L2 (O,OO;LQ(M, RnJrl));
(D.2) |fI?=1 a.e. on M x R,
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(D.3) f satisfies (2.2) in the sense of distributions.

First, let us state a compactness theorem which is well-known in the case p = 2 (see
Evans in [35] or Struwe in [113]). None of the proofs for p = 2 allows directly a
generalization to p > 2. Nevertheless, Evans’ proof, based upon very fundamental
principles, gives an idea in what direction one has to go.

Theorem 2.3 Fork =1,2,..., let fy = (fi,..., fi™) be vector functions of (z,t)
on M x [0,T] satisfying the equation

8tfk — Apfk = Gk, on M x [0, T]

in the sense of distribution. Here, A, denotes the p-Laplace operator related
to the manifolds M and R™™.  Assume further that {fi}rew is bounded in
L0, T; Wh(M,R")), {0, fe}vew is bounded in L*(0,T; L*(M,R")), and
{gr}rew is bounded in L'(0,T; LY(M,R™")). Then, {fi}rew is precompact in
L0, T; Wh(M,IR™)) for each 1 < q < p.

Proof
By Lemma 2.1, there exists a subsequence { fi,}jen C {fi}rew satisfying

(2.33) fr, = f weakly in L (0, T; WhP(M,IR"))
and
(2.34) fr; = [ strongly in L? (0,T; LP(M,IR™)).

Take K such that K > dei”Lp(07T;Lp(M)) —+ ng”Ll(O,T;Ll(M)) —+ H&tkaLl(QT;Ll(M)) for
all 4,7, k.

For § €]0,1], let Ef = {(x,t) € M x [0,T); | fi(z,t) — f(x,t)] > §}. Then

(2.35) [ 15— it de < 2y 3,

B
On the other hand, we define the cutoff function

n(y) = y min {%, 1} . R 5 R



24 Chapter 2. p-harmonic Flow into Spheres

which cuts every vector longer than § at length 6. Thus, Lemma 2.2 implies that
for some constant C' there holds the estimate

C / \dfs — dflP dp dt <

Mx[0,T\E:

< / trace ((|dfi|p_2dfi — |df|p_2df)*(dfi — df)) dudt =
Mx[0,T\E}

=[P ace dfzdn(s, - 1) dde
Mx[0,T]

—5E[ |dfi|P~2 trace (dfl-*d (|le2 : 2)) dpdt

- / [dfP~2 trace (df*(df; — df)) dpdt =
Mx[0,T|\Ei
= J+II+111.

Now,

1) < / (g5 — DSl fs — )| dudt < 26K
M x[0,T]

where one uses the equation and Holder’s inequality. In local coordinates the term
IT may be written in the following way

_ g |p—2. 08 m(l£ _ £2 mo__ fm
= E/ 0 = TR0 1)

U I PV — 1) dyed =
= [ TR (= PO = (7 = £ = 06 +

L |p—2,08 m R 2 m m __ pm n_ gn ny _
—|—E[ |fl_f|3‘dfz‘ v aafz (|fz f‘ 85f (fl f )(fl f )aﬁf )

= II'+ 11"

Note that 11’ < 0 and, by Holder’s inequality,

3=

1" < 2/|df,~|”‘1|df|dudt§ 2KP! /|df|”dudt
El

i .
E(S é
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For 111, we use the weak convergence of f; and Holder’s inequality again to get

111 < / \df [P~ 2 trace(df*d(f; — f)) dudt| +

Mx[0,T]

+ / |df [P~ 2 trace(df*d(f; — f)) dudt

Ej

3

< o(1) 42K /|df|pdudt

2
Thus, we obtain
(2.36)
C / |df; —df|Pdudt < T+ 11"+ 111 <|I|+|II"|+ |III].
M\Ei

Choosing § to be small, using the facts that df € LP(0,T;L?(M)), |EY — 0 as
i — oo and (2.35)—(2.36), the assertion follows. O

Theorem 2.4 For initial data fo € WYP(M, S™) there exists a global weak solution
f to the equation (2.2)-(2.4) in the sense of (D.1)-(D.3). This solution is weakly
contmuous int >0 with values in WYP(M), i.e. for any test function g € C>*(M),
hy(t f f-gdu and ho(t fdf dgdy are in C%2(IR,). Furthermore for any

t>0 thzs solution satzsﬁes the energy inequality

(2.37) / 101 2 apydt + B(/(1)) < E(fo)

Proof
By Theorem 2.2 we know that there exists a global weak solution f to (2.2) and (2.4)
such that

(2.38) {fx} is a bounded set in L> (0, c0; W'P(M,IR"™))
and
(2.39) {0, fx} is a bounded set in L? (0, 00; L*(M,R")).

By the compactness of the spaces mentioned in (2.38)-(2.39), there exists a subse-
quence of {fi} (again denoted by {fi}) such that as k — oo,

(2.40) fre — f weakly™ in L (0, oo; WhHP(M, ]R”“))
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and
(2.41) O fw — O, f weakly in L? (0, 00; L2(M,IR™™)).

From (2.40), (2.41) and (2.13) we conclude that (2.37) holds for f. Moreover, (2.40)
and (2.41) imply by Lemma 2.4 that

(2.42)
fx — f strongly in L (0, 00; LZ(M)) and a.e. on R, x M.

On the other hand, the energy inequality (2.13) implies
(2.43) f2 — 1 strongly in L'(0,T; L'(M)).
The combination of (2.42) and (2.43) shows that

(2.44) |fI>=1ae. on R x M.

Now, we observe, that (2.40) and (2.42) imply for h; and after integration by parts

for hg

d d
hi, hy € L™®(0,00; R); %h’f(t), ﬁh’;(t) € L*(0,00;R).

Hence, hy, hy € W1’2(O, o0;IR), and the Sobolev embedding theorem gives the weak

loc
continuity we claimed.

To check (D.3), which is the hardest part of the proof, we start with

Lemma 2.6 Let fi be a solution to the penalized equation (2.5) for a fized k > 1.
If the initial data satisfy |fo| = 1 then

il <1
holds on M x [0, ool.

Proof
By testing (2.5) with the function

fo— L min{1, 15y

A
we find
1 2 L » 1
S0 [ (fi) (1= 7=) dp+ IV filP(1 — =) dp <0 .
2 | fi] | fil
[fr|>1 [frl>1
Since |fix| =1 for t = 0 we get |fi| <1 for all t > 0. O

Now we finish the proof of Theorem 2.4. By Lemma 2.6 it follows from Lebesgue’s
theorem and (2.42) that

(2.45) fe = f strongly in L] (IR, x M)

loc
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for all ¢ € [1, 00].

On account of (2.38)—(2.39) and Lemma 2.6 it is now easy to check that

Rl =17 (A = 1 e

kelN

is a bounded sequence in L'(0,T; L'(M,R™*")): Indeed, there holds

T
(2.46) kAP =1 fldpdt <
/]

T

T
< [ [rlar -1 duars [ [R[I8P =1 P dude.
0

0 M M

Now, the first term on the right hand side of (2.46) is bounded by means of the
energy inequality (2.13). Also the second term is bounded which can be seen by
testing (2.5) by fr and using Lemma 2.6 once more.

Applying Theorem 2.3 we get

(2.47) dfy, — df strongly in L7(0,T; LY(M)) for each g € [1, p|.

Therefore, we have from (2.38) that
(2.48) \dfyo|P~2dfy, — |df[P~2df weakly in L% (0,00; L¥ (M)).

Now, by taking the wedge product of (2.5) with fi, we get in local coordinates

2 VRl 5% A 1)

(2.49) 0=0ufx A fr —

e (
in distributional sense. From (2.41), (2.45) and Lemma 2.6, we know that as k — oo

(2.50) Oufs A fo — Ouf A weakly in L2 (0, T; L*(M)).

The combination of (2.45), (2.48) and Lemma 2.6 leads to

(2.51)
|dfi P2V fi A fr = |df P2V f A f  weakly in LV (0, T LP'(M)).

Due to (2.50) and (2.51), one can pass to the limit in (2.49) to get

T (VBT gh A g)

in the sense of distribution. Finally, (D.3) will follow from (2.52) and (D.2) by the
last lemma of this chapter:

(2.52) 0= fAf—



28 Chapter 2. p-harmonic Flow into Spheres

Lemma 2.7 A function f satisfying (D.1), (D.2) and (2.52) is a solution of the
heat flow equation for a sphere (2.2) in the sense of distributions.

Proof

In the proof of this lemma we follow Struwe, who emphasized in [115] in the case
p = 2 that this point has to be handled with care. A short calculation shows that
for every function 7 € C§°([0, 00[x M;R) the relation

(2.53) Ouf = Apf —pe(f)f) - fr=0
automatically holds in distributional sense, provided f satisfies (D.2). Note, that
any function ¢ € C§°(]0, co[xM;IR"™) can be decomposed in the following way

(2.54) p=I(f-9) =N AP).

Using (D.1) and an approximation argument we obtain that v = fAp and 7= f-¢
are admissible as test functions in (2.52) and (2.53), respectively. Subtracting the
resultant equations and using (2.54), we get the weak form of (2.2). O

According to Lemma 2.7 (D.3) is verified and hence the proof of Theorem 2.4 is
finished. O

In the case p = 2 Chen and Struwe were able to generalize the previous result
to arbitrary compact target manifold N (see [16]). The technique of their proof
is based upon two ingredients. The first one is a penalizing technique similar to
the one we used. Of course, the penalizing energy term has to be adapted to the
geometry of V. Is it possible to use the same idea for p > 27 Using the penalized
energy constructed by Chen and Struwe, Galerkin’s method and Minty’s trick, one
can prove global existence of weak solutions to the penalized equation and also a
maximum principle similar to our Lemma 2.6 may be obtained. But in the case
N = S™ an L'-bound for the penalizing term in (2.5) was surprisingly enough to
pass to the limit in the equation. There is no way to manage this miracle with a
general geometry. At this point enters the second of the two mentioned ingredients
for p = 2: It is a monotonicity formula which gives control on the local behaviour of
the energy. To give an idea of this technique we consider for instance a p-harmonic
map f: B1(0;IR™) — N for fixed boundary values. An interesting quantity is the
normalized p-energy

olp) = plp. f) == = P / IV fPda

B, (0)

|

for 0 < p < 1. ¢ is invariant under scaling f — fr(x) := f(Rx), i.e. there holds
©(&, fr) = w(p, f). Moreover, fr is p-harmonic, provided f is. If f is supposed to
be smooth, we may calculate the derivative of ¢(p) for instance at p = 1:

d d d
Tolo) = el g = / VIS Vg da
B

s d d
= [V V) o= [ At pda
0B

B
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Since dip fo=a-Vfe€T;N, the second term vanishes because f is p-harmonic and

the first term gets positive. Thus, dipgo(p) > 0 for p = 1 and by scaling for p €]0, 1].
Hence, what we proved is that for any 0 < p < r < 1 there holds

o / IV f[Pda < / IV Pde
Bp BT

Schoen-Uhlenbeck [91] and Giaquinta-Giusti [50] observed that estimates of that
kind hold for 2-energy minimizing harmonic mappings and can be used to obtain
partial regularity. In [109] Struwe found an analogous monotonicity formula holding
for the heat flow of 2-harmonic maps and used it to prove an e-regularity theorem
similar to Schoen-Uhlenbeck [91]. It turned out that Struwe’s monotonicity formula
was strong enough to overcome the difficulties that one encounters in the limit
k — oo of the penalized equations (see Chen-Struwe [16]). Moreover Chen and
Struwe carefully discussed the regular and the singular set of the weak solutions
they obtained.

Unfortunately it seems impossible to find a handy generalization of Struwe’s mono-
tonicity formula for p > 2. Thus, although our next chapter will deal with arbitrary
target manifolds, we cannot expect results being as extensive as Chen’s and Struwe’s
results in the case p = 2.






Chapter 3

A priori estimates

3.1 Introductory Remarks

The regularity of minimizing p-harmonic mappings between two compact smooth
Riemannian manifolds has been widely discussed, see Hardt and Lin [61], Giaquinta
and Modica [51], Fusco and Hutchinson [49], Luckhaus [80], Coron and Gulliver [22]
and Fuchs in [41] who also discussed obstacle problems for minimizing p-harmonic
mappings (see [40] and [43]-[46]). The results of these investigations may be sum-
marized briefly as follows:

Suppose 1 < p < oo and let M and N be two smooth compact Riemannian man-
ifolds, M possibly having a boundary OM. Consider mappings f : M — N mini-
mizing the p-energy and having fixed trace on M. Such a minimizer f is locally
Hoélder continuous on M \ Z for some compact subset Z of M \ OM which has
Hausdorff dimension at most dim(M) — [p] — 1. Moreover Z is a finite set in case
dim(M) = [p] + 1 and empty in the case dim(M) < [p] +1. On (M \ Z) \ OM, the
gradient of f is also locally Holder continuous.

The set Z is defined as the set of points a in M for which the normalized p-energy
on the ball B,(a),

A e
MNBy(a)

fails to approach zero as r — 0. The technique to prove the above assertions
essentially is to show that, near points a € (M \ Z) \ M, this normalized integral
decays for r — 0 like a positive power of r. Then, local Holder continuity of f on
(M\ Z)\ OM follows by Morrey’s lemma. The proof of the Holder continuity of the
gradient of f is much more difficult.

Instead of looking for minimizers of the p-energy, Uhlenbeck investigated weak so-
lutions of systems of the form

div (p(|Vf)V ) =0

31
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where p satisfies some ellipticity and growth condition (see Uhlenbeck [123]). Her
work prompted an extensive study of quasilinear elliptic scalar equations having
a lack of ellipticity: Evans in [34] and Lewis in [75] showed the C'*-regularity
for rather special equations. Later DiBenedetto [23] and Tolksdorf in [119], [120]
proved C'®-regularity of the solutions of rather general quasilinear equations which
are allowed to have such a lack of ellipticity. It is remarkable that Ural’ceva in [124]
obtained Evan’s result already in 1968.

For such equations and systems, C''®-regularity is optimal. Tolksdorf gave in [119]
an example of a scalar function minimizing the p-energy and which does not belong
to C1 if o €]0, 1] is chosen sufficiently close to one.

In contrast to equations, everywhere-regularity cannot be obtained for general el-
liptic quasilinear systems. The counterexample of Giusti and Miranda in [54] shows
that it is generally impossible to obtain C'*-everywhere regularity for homogeneous
quasilinear systems with analytic coefficients satisfying the usual ellipticity and
growth conditions. Nevertheless almost-everywhere-regularity has been obtained
for rather general classes of quasilinear elliptic systems: see Morrey [83] or Giusti-
Miranda [54].

As far as the heat flow of p-harmonic maps for p > 2 is concerned only results in
the Euclidean case are known: In [25] DiBenedetto and Friedman investigated weak
solutions f: Q x (0,7] — IR™ of the parabolic system

0

OF (VA =0,

ot
where () is an open set in IR". The main result of DiBenedetto and Friedman is that
for max {1, NQ—J_‘Z} < p < oo weak solutions of this problem are regular in the sense

that V£ is continuous on Q x (0, 7] with |V f(z,t) — Vf(Z,1)| < w(|z —Z|+ |t —]2)

in any compact subset Q of Q, where w depends only on € and the norms of f in the
spaces L>(0,T; L*(2)) and LP(0,T; W1P(Q)). In [26] the same authors obtained for

p > max{1, n2f2} Holder regularity of V f in © x (0, T'] using a combination of Moser

iteration and De Giorgi iteration. H. Choe investigated in [18] weak solutions of the
system

(3.1) g—{—div(|Vf|p1Vf)+b(x,t,f,Vf) =0

where b respects the growth condition

(32)  |ba(z,t, £, Q)| + |bs(a.t, £,Q)Q] + |boi (2,1, f,Q)QL] < c(1+]QP)

and where f € C°(0,T; L*(Q2)) N LP(0,T; W'r(Q)). In this case, Choe proves f €
C(Q x (0,T]) for some a > 0 provided f € L7 (Q x (0,T7]) for some 7y > @.
Notice that the p-harmonic flow does not satisfy condition (3.2): there the growth is
of order |@[P. This will be one of the main difficulties in the study of the p-harmonic

flow.

All other results for the heat flow concern the case p = 2: As already mentioned
Eells and Sampson [32] derived the existence of 2-harmonic maps in the case where
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N c IR* has nonpositive sectional curvature by proving existence of a global smooth
solution of the related heat flow (see section 1.5). Without the assumptions on the
curvature, the solution to this flow may blow up in a finite time, see Coron and
Ghidaglia [21], Chen and Ding [13]. In the conformal case, i.e. dim(M) =2 =p
Struwe obtained existence and regularity of partially regular global weak solutions
of the heat flow and he described in detail the behaviour of the development of sin-
gularities (see [107]). These results have been carried over to the higher dimensional
case again by Struwe [109], and by Chen-Struwe in [16] (we already mentioned the
methods used in this theory at the end of the previous chapter).

In the theory of 2-harmonic mappings and 2-harmonic flow important results have
been obtained in the conformal case m = 2; for example, global regularity of har-
monic maps (see Hélein [63]). It turns out that also in the theory of the p-harmonic
flow the conformal situation is a considerable special case. So, in the sequel we
restrict ourselves to the conformal situation p = dim(M) > 2.

3.2 A Gagliardo-Nirenberg Inequality

First we generalize a lemma which plays an important role in the theory of the 2-
harmonic flow where different proofs were given (see Struwe [107] or Struwe [113]).

Lemma 3.1 Let M be a Riemannian manifold of dimension m = p and ¢ the injec-
tivity radius of M. Then there exist constants ¢ > 0 and Ry €]0, ] only depending on
M, N, such that for any measurable function f: M x [0,T] — N (T > 0 arbitrary),
any Br(z) C M with R €]0, Ry] and any function ¢ € L*(Bg(z)) depending only
on the distance from x, i.e. p(y) = ¢(|z —y|), and non-increasing as a function of
this distance, the estimate

T :
(3.3)//|f\2p<pdudt < ceosiiqu / | fIPdp /W|f\p1‘2<pdudt—|—
oM o Br(z) 0 M
T
c
+—————esssu p // Py du dt
s [ Upde- [ [1redn
Br(x) 0 M

holds, provided ¢ =1 on Brjs(x).

Remark: Here, Br(x) denotes the geodesic ball in M around z with radius R, i.e.
Br(z) ={y € M : disty(x,y) < R}, where disty/(z, y) means the geodesic distance
of z,y € M with respect to the given metric v on the manifold M.

Proof
(i) Suppose first that ¢ = 1. We may assume that the right hand side of (3.3) is

finite. Let g € H“?(Bg(z)) be a function with vanishing mean value [ g = 0.
BR($)
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Then we infer from Ladyzhenskaya, Solonnikov, Ural’ceva [73]

p—1
(3.4 loll, 2, . o < BIVI e lal ey

We apply inequality (3.4) to the function g = |f|P~! — X with

A= / Pt

BR(:B
We get
eget

| [ irraud<

0 Br(z)
T T

2 2p_
< c/ / Hf\p’l—)\"’*l d,udt+c/ / Ar=Tdp dt <

0 Bg(z) 0 Bg(z)

o
p—1 =y p—1]2
< cesssup P~ = Al dp ‘V|f| " dp dt +
0<t<T
Br(z) 0 Bpr(z
2

p—1

T
+c/ — / |fIP~tdu dt .
/ M(BR

The various terms on the right hand side of (3.5) are estimated in the following way:

[ s < ot | [ paes [ ot

Br(z) Br(z) Br(z)

p—1

(3.7) / NEdu = u(Br(a) / | <

BR(Z‘)
< / FPdy
BR($)
p{pl 2
2
(3.8) / | < / Pdu | - u(Bale)is
Br(z) Br(z)
< j(Ba(2))77 esssup / flrdp- / flrdp
O<t<T )

Plugging in the estimates (3.6)—(3.8) into (3.5) the assertion for ¢ = 1 follows.

(ii) By linearity and (i) the assertion remains true for step functions ¢ which are
non-increasing in radial distance and which satisfy ¢ = 1 on Bp/(x). Finally, the
general case follows by density of the step functions in L>°(Bg(z)) in measure.

O
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Corollary 3.1 Let M be of dimension m = p and

V(M*,N) = {f : M x [0, T] - N measurable:

0<t<T

T
esssup [197Pdu+ [ [ (002 + (9219 F774) dut < o0}
0 M

then for any f € V(M?T,N) we have
VfeL®M x[0,T],N)

with

(3.9) /T/\Vf\de,udtg
0 M

P

T
< ¢ esssup / |V fPdu //\V2f|2\Vf\2p_4dudt+
(z,t)eM x[0,T7] -

T
+= ess sup / \Vf\pdu-//|Vf|pdudt
RP (o yemx[o,T] ) )

Br(z)

for all R €]0, Ry| (Ry as in Lemma 3.1) and a constant ¢ only depending on M, N
and p.

Proof

We choose a finite cover {Bgr(z;)} of M with 0 < R < Ry (Ry as in Lemma 3.1)
having the property that at each point = € M at most K of the balls { Br(x;)} meet
(K only depending on M, Ry, not on R) and apply Lemma 3.1 with ¢ = 1 on each
Bpr(x;). Adding the resulting inequalities the desired result follows. O

3.3 Energy estimate

Section 3.2 deals with general facts about functions mapping a manifold into another.
Now we need to state properties of solutions of the p-harmonic flow, i.e. mappings
f: M x[0,00[— N satisfying

(810) = Apf = (pe(£)PANVL V) on M x [0,00]
(in distributional sense) with prescribed initial data
f = f(] att = 0.

Here A, is the p-Laplace operator of the smooth compact manifolds M and N and
A(f) is the second fundamental form of N (for the details we refer to Section 1.5).
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If we think of N as being isometrically embedded in IR*, then the equation of the
p-harmonic flow takes the form

k
(3.11) fo= A f = > N(yof)
i=n+1

where n is the dimension of N and v; is a local orthonormal frame of (7,)* N, the
orthogonal complement of 7, N in IR*. The coefficients A" are given by

- 2 5 0f W (f)
P 1 S af 3
(see Section 1.5).

First we generalize the energy inequality we already proved in the case when N was
a sphere (see Section 2.3). Notice that this lemma is true without the conformality
assumption dim(M) = p.

Lemma 3.2 Let f € C*(M x [0,T], N) be a solution to the p-harmonic flow (3.10).
Then the following energy equality holds for all t1, ty with 0 <t; <ty <T':

(3.12) / / O, Pdpdt + E(f(t2) = E (f(12)) .

Hence, E(f(t)) is a non-increasing function in t.

Proof
Step 1: We multiply (3.11) by 0,f. Since 0,f € T¢N the right hand side vanishes.

Step 2: On the left hand side we use

1 9 O OFINTT sorarty d
/7 02P (ﬁG 8:100‘8305) ! %at)_Apf'atf+£6(f)'

The divergence term vanishes if we integrate over M. Integrating over the time
interval [t1,t5] we get

(3.13) - / / Apf fodpdt = B (f(t2)) — E (f(11))

and hence the desired result. Notice that (3.13) is automatic for smooth functions:
we did not need that f is a solution of the p-harmonic flow. O

Remark: (i) Lemma 3.2 remains true for solutions f € V(MT; N) for almost all
t1,ts. To be more precise: If f € V(M7T; N) is a solution of (3.10) then there exists a
set A C [0, T] of measure zero such that for ¢1,ts € [0,T]\ A, t; < to, equality (3.12)
holds. To see this we first repeat the first step of the above proof and get that, after



3.4. L*P-estimate for V f 37

multiplying the heat flow equation by f; (which is allowed for a.e. t), the right hand
side vanishes a.e. on M x [0,7T]. In a second step we show that (3.13) remains true
for functions in V(M7T; N) for almost all t;,ty: Approximate f € V(M7T; N) with
functions f, € C=(MT;R*) such that

(3.14) Ofr — Of  in L*(MT),
(3.15) V. — Vf o L%P(M7)
and

(3.16) {V2£.|V fe[P~2} is bounded in L*(M7T)

(we can use mollification to do this; we also need corollary 3.1). Now (3.15) implies
that there is a subsequence fir such that E(fw(t)) — E(f(t)) for almost all t € [0, T.
Observing (3.14) and A, fi, — A, f in L2(M™) (use (3.16) and Corollary 3.1 again)
we may pass to the limit on the left hand side.

(ii) From part (i) it now follows that E(f(¢)) is continuous in ¢ for a solution f €
V(MT; N) (after modification of f on a set of measure zero). Notice that this
fact is automatic for functions f € V(MT;N) if p = 2 since then V(MT; N) —
C°([0, T]; W2(M)) (see Lions-Magenes [78] and Bergh-Lofstrom [1]).

3.4 L?P-estimate for Vf

As we mentioned in Section 3.1 Hi Jun Choe proved in [19] Holder regularity for the
solutions of the degenerate parabolic system

fi = V(VFIP2VF) +b(x, £, V) =0

where b satisfies a certain growth condition (see (3.2)). This growth condition is not
fulfilled in the case of the p-harmonic flow and we have to proceed more carefully.
First we want to prove the following a priori estimate which holds in the conformal
situation. It turns out that the important quantity to control is the local energy:

Definition 3.3 We denote by

E (f(t), Ba(x)) = / e (f(-.1)) du

BR(Z‘)

the local energy of the function f(-,t): M — N in the geodesic ball Br(x) C M.

Given some uniform control of the local energy, we can control the 2p-norm of the
gradient and higher derivatives.



38 Chapter 3. A priori estimates

Lemma 3.4 Let v denote the injectivity radius of the manifold M. If m = dim(M)
= p then there exists €1 > 0 which only depends on M and N with the following

property:
If f € C*(Bsr(y) x [0,T[; N) with E(f(t)) < Ey is a solution of the p-harmonic

flow (8.10) on Bsgr(y) x [0, T for some R €]0, 5[ and if

sup {E(f(t), Br(z)); 0 <t < T,z € Bar(y)} <&

then we have for every x € Br(y)

T
(3.17) / / IV2FI2 |V FI*~*dp dt < ¢ Eq (1 + %)
0 Bgr(z)
and
T
(3.18) / / IV f|*Pdudt < c Ey (1+%)
0 Bgr(z)

for some constant ¢ which only depends on the manifolds M and N.

Proof

For simplicity we consider the case of a flat torus M = IR™/ Z™. For a locally
conformal flat manfold M we may do this anyhow since we could pass to a conformal
chart. Let ¢ € C5°(B2r(y)) be a cutoff function satisfying 0 < ¢ <1, ¢|p,u) =1
and |[Vg| < 2. The equation of the p-harmonic flow which takes the form

(3.19) fi = V(VFIVIP?) LTyN

(see Example 1.2) is now tested by the function V(V f|V f|P~2)P. Using the explicit
form of the right hand side in (3.11) we get

(3.20) e Dp " = (D)) < eIV fIP|ALfl "

with a constant ¢ only depending on N. For brevity let @ = Bsr(y) x [0,77.
Integrating over () we obtain

1d
(3:21) / (;a\vﬂ%p + |Apf\2wp) d dt =
Q
= / (_V(Vf|vf|p_2<ﬁp)ft + |Apf|2cpp) dr dt <
(—Apfe" fr = VIV 2P IV fi + [A, f*¢7) drdt <

(PIAF VIV 2PN | + ¢ VFIPI A, fl") dadt .

@\@\@
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In the last step we used (3.20) and then equation (3.11) to substitute f; by A,f.
By Young’s inequality we can estimate the last line in (3.21) by

1
322 [ (JIAMP 4TI AV IV ded.

By integrating by parts twice, exchanging derivatives and rearranging the resulting
terms we find that for arbitrary functions f € C?*(Q; N) there holds

(3.23) / A F 2P da dt >
Q

1
> 5/\V2f|2\Vf\2p‘4<p”dxdt—c/|V¢\2|Vf|2p—2gop—2dxdt
Q Q

for some constant ¢ only depending on absolute data. Putting (3.21)—(3.23) together
we obtain the estimate

(3.24) /\V2f|2\Vf\2p4<ppdxdt§
Q
<c [ 19RC0Pdz e [ (VoPVIE e b VPR) du dr
Bar(y) Q

The second term on the right hand side of (3.24) may be estimated separately by
Holder’s and Young’s inequality:

(3.25)

/|Vsol2|Vf|2”‘2<pp‘2da:dt < c/(|w|p|Vf|p+ IV f|?PP) dax dt .
Q Q
Hence, from (3.24) and (3.25) it follows

(3.26) / |V2FI2 |V £ Y pPda dt <
Q

<c [ ORGPz e [V 4 (DrIVEP) dode.
Bar(y) Q

From Lemma 3.1 we infer

(3.27) /\Vf\prpdazdt <
Q

P

< e s | [ viCirds | [IViPVP e
0<t<T,x€Bar(y)
Br(z) Q
c
+—= sup \Vf(~,t)|pdx/|Vf|pdxdt.
R™ o<i<TweBsn(y)
Br(x) Q
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Hence, for £; > 0 small enough, the condition

sup [ (9 oPdu < =
()

0<t<T,x€B2gr
Br(z)

used in (3.27) and in (3.26) implies the estimate (3.17) and by applying Lemma 3.1
once again, we get (3.18). O

3.5 Higher regularity

Regularity and a priori estimates of solutions f : Q x (0,7] — IR™, Q C R", of the
degenerate parabolic system

fe=V (VAP =0

have been discussed by E. DiBenedetto and A. Friedman (see [25]). In order to
obtain local Li-regularity (¢ < oco) they used the testfunction V(V f|V f]*¢?) (C is
a suitable cutoff function). The same testfunction was used in the case p = 2 (see
e.g. Struwe [113]). In order to adapt these ideas to the case of the p-harmonic flow
between Riemannian manifolds we have to modify this approach somewhat.

In order to describe how much the energy is concentrated we will use the following
quantity:

Definition 3.5 For a function f : M X [ty,ts] — N, f € L®(ty,ty; WHP(M, N)),
>0 and Q C M X [ty,t5] let

R*(g, f,) = esssup {R € [0, : e(sst)sgé) (E(f(t)), Br(z)) < 5}

where 1 denotes the injectivity radius of M.

Lemma 3.6 Let q €]2p, o] be a given constant. If dim(M) = p then there exists a
constant €5 > 0 only depending on M, N and q with the following property:

For any solution f € C*(M x [0,T[; N) of the p-harmonic flow (3.10) with R* =
R*(eq, f, M x [0,T]) > 0 and any open set Q@ CC M x]0,T[ there ezists a constant
C' which only depends on p,q, M, N, T, Ey, R* and dist(Q, M x {0}) such that

/|Vf|qda:dt <C.
Q

Ey denotes the initial energy Ey = E(f(-,0)).
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Remark: It seems very inconvenient that the constant €, may not be chosen inde-
pendently of the level g of integrability we want to reach. We will obtain a better
result below which uses the assertion of this lemma in a technical way.

Proof
In this proof we consider the case M = R™/ Z™ for simplicity. We write (3.10) in
the form

(3.28) 0uf = V(VAVIIP?) = VP2 AUV, V)

where A(f)(Vf,Vf) is the second fundamental form of N. Let us first fix a few
notations:

For (xg,t9) € Mx]0,T7 let
Br = BR(.T()) = {|.T0 — .T‘ < R}

Qr = Qr(wo,ty) = Br x |to — RF, tg]
QR<O'1,O'2) = BRfolR X ]f}o - (1 - JQ)Rp,tO[ for ag; E]O, 1[

For R small enough such that Q5 C M x]0, T[ we take a cutoff function ¢ with

(=1 on Qgr(oy,09)
¢ =0 in a neighborhood of the parabolic boundary of Qg

and with

2 2
2 <(<1 < — < .
(320) 0S¢ VOIS o<

We now use —V(V fv2(?), with v = |V f|?, as a testfunction in the equation (3.28).
This gives rise to the following calculations:

(i) The first term on the left gives

/ fi(=V(Vfv*¢?)) dr dt =
Qr

— 1 2 a+1 _
= M/C&Uerxdt—

Qr
- 2(041—1—1) /v““@(-,to) dr — m/v‘”l%gdazdt.
Br Qr

(ii) For the second term on the left we observe that

/ GV FP2)( Fio"C?), de dt = / UV FP2),(Fi™ ) dr d.

QR QR

In order not to lose control on the various terms we proceed here in two steps.
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(a) First we get
/ IV FIP2 fhe (v C 4 afiv® o + 20 () da dt =
Qr

= / (<22< R B T A0 LS vQ‘*E"‘vigvg) dz dt.
Qr ijk

(b) Second we find

J U972, £ (¢ + o g? + 206 dod =

Qr

= [ (BTG 4 ST S (VT 4
Qr :

+(p = 2)| VAP0 ) (VFV)(V fivg))dx dt .

2

(iii) On the right hand side we finally get

(3.30) / (VAP A (V1,9 ), fy0 e dt =

Qr
- / VP AVA)) VS,V )V oo d.

Qr
In the calculation (iii) of the right hand side of (3.30) we used the fact that f;u*¢* €

TyN. Putting all the terms (i)-(iii) together and taking the supremum over the time
interval |ty — (1 — 09) RP, o[ we get by using the monotonicity of the positive terms

(331) gy esssup / V(- 1) da / IS (f)dw di +
Qr

to—(1—02)R <t<tQB ijk

R

+ a(p4f2) /szp+22a—s Z(VfivU)de dt + %p_Q /Up+22a—4 |VU|2<2d.§L’ dt <

Qr ¢ Or
<o Ua+1C\Ct|d:cdt+/vp+2;_2\Vv\C|VC|d:cdt+
Qr Qr
+ (p—2)/v“€“ Z|Vfiw|v%¢|v<|dxdt+c/g%’]“;“dxdt_
QR g QR

Two terms on the right hand side of the inequality (3.31) need to be interpolated
by the binomic inequality

(3.32) /U’J“z“ IVo| ¢ V(| da dt <
Qr

= 2

Qr Qr

< 2 /v"”ﬁ““\vng?dxdtJrg/v”fﬂvq?dxdt,



3.5. Higher regularity

43

(3.33) (p—2)/ TNV IVeli| V¢ dadt <

Qr i

/ e Z\Vf Vol2dz dt 4 222 / PP dt

Qr

Thus choosing the constants € and ¢ in (3.32) and (3.33) appropriately, e.g. ¢ =
- +p 5 and § = —, and absorbing the resulting terms we obtain from (3.31)

(3.34) 4((1—11) €ss sup /UO‘HCZ(-,t) dx + %M/QQUHQSﬂVdexdt <
to—

(1—0o2)RP<t<to

Br R
a P+
§a%r1 v“(’|§t|d:pdt+2(a+p 5 + == 2)/2} 2 dx dt +
Qr Qr
+c/ PRy dt
Qr
Since we trivially have
p+ 2 2
/ CGoET VoPdrdt > 5 / ‘v g)‘ do dt — 5 / V¢ |2
it follows from (3.34)
(3.35) m ess sup /UO‘HC (-,t)dx+ (zig(f /‘V e da:dt <
tof(lfo'g)Rp<t<t0
Br
< O%H/ v |G| da dt 4 2 ((Hp 2y ((;ig;)%) /v” 2 *de dt +
Qr Qr
+c/ HHMC dx dt .
Qr

Now, for every fixed time ¢t Holder’s inequality implies

+2a+2

o™ 5 Uy < 0™

BR ”UHLQ (B )
So, we may split off a suitable factor in the last term on the right hand side of (3.35)

to

330) wky  essw (oG des g [0

t <
to—(1—02) RP<t<to E (p+2a)? . <
R 0—
S an / vl dt 42 (a+p R (;fz);)%) /”FE 24z dt +
Qr 3

to

+ ¢ esssup /v%(~,t)d:c / HUPTQCHLQ*(B dt .
to—RP<t<to

R to—RP

iSA[N
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pt+2c p2a

T e = Ko Cllie gy to esti-
mate the last term on the left of inequality (3.36) we see that we may absorb the
last term of the right hand side provided the quantity

Using the Poincaré-Sobolev inequality ||v

sup{E(f(t),Br(z));0<t<T,x € M}

is smaller than a suitable constant 5 > 0 which only depends on absolute data and
the level ¢ < oo of integrability that we want to reach (it is enough to choose &y

such that ceg/ P < k(z(f:;)?, and 9 < g7 which allows to use the result of Lemma 3.4

later). In this way we get from (3.36)

to
pt2a

(337) f@m  esssup /v““CQ(-,t)dH% / ™l (gt <

tof(lfo'Q)Rp<t<t0
Br to—RP

<y [l +2 (o + 2+ a) [0 VCPduar,
QR Qr

Now, by Holder’s inequality and a further elementary inequality we observe that for
every A, > 0 there holds

to
(338) )\//U%"’%(O"i‘l)dx dt S

t1 By

AN

to

< Xesssup /vo‘“d:c /vaHig*(BP)dtS
t1

t€ty,ta]
P
1+2
to P
< A48 a1y 4 L B2, o d
< vZesssup [ v z+ 2 [ [lv ||L2*(Bp) t
te]t1,ta]
B, 1

Choosing t; =ty — (1 — 01)RP, ty = tog, p = (1 — 01)R and the constants A and ~
such that

. 1
NEaE o= o
T Yar D
PV ak?
v (p+2a)?

we get from (3.37) together with (3.38) and (3.29) that

2
142

(3.39) / WO gp gt < © /v%dxdzﬂrl
Qr(o1,02) R

where the constant C' in (3.39) may be expressed by means of the constants «, o7,
09, R, p, k. Now, the assertion follows by iteration and a covering argument. The
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iteration starts e.g. with @ = p/2 and the a priori estimate of Lemma 3.4 (we should
not start with o = 0 since we used a > 0 in the calculations of the proof). We stop
the iteration as soon as % + %(a +1) > 1. It is easy to check that our choice of
€9 remains valid during the iteration process. O

3.6 L*°-estimate for V f

The next step is to find local a priori estimates for ||V f||« by a Moser iteration
technique (see [84] and [85]). H. Choe used similar arguments in [19] to handle the
case of systems of type (3.1). We start once again from the estimate (3.35) but this
time the iteration is arranged in quite a different way.

Lemma 3.7 Let ay > p be an arbitrary constant, dim(M) = p, f € C*(M x
[0,T[; N) a solution of the p-harmonic flow (3.10) and Qr C M x]0,T[. Then there
exists a constant C' which only depends on p, ag, R, M and N with the property that

ag—p
IV fllee@a 2y <C 1+ / |V fI?0dx dt
Qr

Proof
By the Holder and the Sobolev inequality we have

(3.40) / VDL dr dt <
Qr(01,02)

P

<c  esssup /v““dw / V(™ Q)P dz dt <
tof(lfo'Q)Rp<t<t0
R
1+2
<c ess sup / vy + / V(v 1 ¢)|?dx dt
to—(1—o02) RP<t<to
Br
Using (3.35) we conclude
(3.41) / @A) g dt <
Qr(01,02)
1+2

<c /vo‘+1C|Q\dazdt+/UW\VC\QdJ;dt—l—a/vp

R Qr Qr
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for a new constant ¢ which does not depend on « (we assume that a > 1%2
Observing (3.29) estimate (3.41) simplifies to
(3.42) / pler B+ ET
Qr(0o1,02)
1+2
<c ojth/ O‘dedtJr /v 2 dxdt+a/ S Ay dt
Qr Qr Qr
Now, for every v € IN we put
Ry 1
R, = —(1+ =
2 (1+ 2”)
QR = Ql/
Qr(o1,02) = Qu
Ry
O'1R - 21/+2
Ry
Usz - Qu+2
a = o
2
po= 1+-
p
n (3.42) and get after some elementary manipulations
(3.43) / P+ 10 i <
Qu+1
1+2

~ | 4 4v p2au42
<c Rp|QV| + (ozy Rp) / dzx dt

v

In order to iterate (3.43) we define

P 2 20, +2
v = s+ =)(1+—-
Qi1 (a +2)( +p 2%er)
p+ 20, + 2
a, = —y

We see that
Ayy1 = pa, — 2
and hence that
a, = p’(ap —p) +p.
Thus, a, — oo as v — oo—provided ag > p. Moreover we have a,, = p”(ap—p)-+5
such that we obtain from (3.43) by simple estimates

m
(3.44) / v tidrdt < K4"" | 1+ /U“”d:c dt
Qu+1 Qu

).

—1
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with K = ¢(|M|+ aop + 77)". Now we use once more the fact that 1 < 2 and hence
0
that (1 + z)* < 4(1 4 2*) for all z > 0. Defining

I, = / v dx dt
Qv

(3.44) thus implies for v € INj
(3.45) Lot <4-16"K(1+ ") .
Using (3.45) we can easily prove by induction that

I, <I»1+1))
with L = 4K + 16 and a sequence b, satisfying

b1 =pb, +2p+v, by=0.

It is an interesting exercise to find an explicit formula for b,:

2 2
1%
b= 2+bo+p+ ) = @+p+ T+ ).

An inductive proof of this formula is not hard to do. Now we immediately obtain
the limits

v 1

B A=

ay g —p
b, 2+p+E
ay ag —p

This implies

IV Al n, 4y = 500 1 < LPA+ 15,

As a corollary of the Lemmas 3.6 and 3.7 we immediately obtain

Corollary 3.2 If dim(M) = p then there exists a constant €3 > 0 only depending
on M and N with the following property:

For any solution f € C*(M x [0,T[;N) of the p-harmonic flow (3.10) with R* =
R*(es, f, M x [0,T]) > 0 and any open set Q@ CC M x]0,T|[ there exists a constant
C' which only depends on p, Ey, M, N, R* and dist(2, M x {0}) such that

IV o) < C.

Eo = E(f(-,0) again denotes the initial energy.



48 Chapter 3. A priori estimates

3.7 Energy Concentration

In the theory of the harmonic flow an energy concentration theorem plays a funda-
mental role (see Struwe [107]). A modified form of this theorem also holds in the
case p > 2. It tells us that the local energy cannot concentrate to fast.

Theorem 3.3 If dim(M) = p and f € C*(M x [0,00[; N) is a solution of the p-
harmonic flow (3.10) then there exist constants ¢, eg > 0 which only depend on the
geometry of the manifolds M and N, and there exists a time Ty > 0 which depends
in addition on Ey and R*(eo, f, M x {0}), with the following properties: If the initial
local energy satisfies

sup E(f(0), Bagr(x)) < €g

zeM
then it follows

1-1 ¢

(3.46) B(/(2), Bale)) < B(/(0), Ba(w) + ¢ By "

for all (z,t) € M x [0,Ty]. Here Eqy denotes the initial energy Eo = E(f(-,0)).
Proof

We make the same assumptions on M as in the proof of Lemma 3.6. We choose a
testfunction ¢ € C§°(Bag(z)) which satisfies

0< ¢ <1

¢ = 1on Bg(zr)
2

Vel < —=

Vol < &

where z is an arbitrary point in M and 4R < ¢ (¢ the injectivity radius of M). Then
we test

fe=V(VFIVIP?)LT;N
by the testfunction f;¢* and obtain

(347) 0 — // V(VFIV ) fup?) dedt =

0 BQR(x)

- / |2 VAV 20V ) dode.

0 BQR(JB

/] ( ‘Vf‘p) P di = =2 /T | viwreverdear.

0 BQR$ 0 BQR($)
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This implies
(3.48) E(f(T), Br(z)) — E(f(0), Bar(x)) <

1 9, |7
< | |Vfretda| =
P 0

Bar(x)
T T

—— [ | pewa-2[ [ wnvirtevend.
0 Bag(z) 0 Byr(x)

The second term on the right hand side of (3.48) may be estimated by Young’s
inequality by the first term and

T
/ / IV F 122 Vi 2 d
0 Bap(z)
In this way we get from (3.48)
(3.49) E(f(T), Br(x)) — E(f(0), Bar()) <
T
< / / |V £ 2dw dt <
0 Bog(x)
1—-1
T [ p
< e / / IV 2z dt
0 Bop(x)

using Holder’s inequality in the last step. Now, there exists a number L only de-
pending on the geometry of M but not on R such that every ball Byg(x) may be
covered by at most L balls Br(z;). Now remember that in Lemma 3.4 we found a
constant €; > 0 with the property that

(3.50) sup / IVfPdr < ey =
t€[0,T],ye B4r ()
Bar(y)
) T
— |Vf| Pdr dt < cEj 1+(2R)p .
0 Bop(x
Now we choose
€0 = 2
07 4L

and suppose that Ry < 7 is such that there holds
sup E(f(0)7 BQR()(‘T)) <é&p.
zeM

Then we choose Tg as

p
Ty—mind [— o} 4L
ALc(2¢Ey)' v



50 Chapter 3. A priori estimates

Now we claim: For all (z,t) € M x [0,Tp] and all R < Ry there hold

(i) j / |V f|*Pdx dt < cEy <1+ (2;)7))

0 Baog(z)
and
(i) sup [ (VI e <
0<r<t
BQR($)

To see this let T < T such that for ¢ € [0,7] (i) and (ii) hold. Then it follows
from (3.49) and (3.50) together with (ii) that

sup E(f(t)v BZRO (l‘)) S
(z,t)eM x[0,T

<L sup E(f(t),Bg,(x)) <
(z,t)eM x[0,T]

<L (sup BU0) Ban (o) + e (cBul1 + o >)1_5> <

zeM

€1 &1 &1

<ttt

— 4 * 4 2
due to the special choice of €y, Ry and Ty. Thus, (ii) and consequently (i) hold on
some larger interval [0,7 4 d]. On the other hand the interval where (i) and (ii)
hold is closed and nonempty. Hence, (i) and (ii) hold on [0,7p]. Using (i) in the
formula (3.49) the assertion follows after a short calculation with a new constant
C. d



Chapter 4
Existence Results

The aim of this chapter will be to prove existence results for the heat flow of the
p-energy for functions f : M — N where M and N are compact smooth Riemannian
manifolds of dimension m = p and n, respectively, as before. Recall that if we think
of N as being isometrically embedded in some IR*, the equation of the heat flow is

(4.1) fo= Dpf = (pe(f) P ANV V f)ur
with initial data fy : M — N
(4.2) f=/fo attimet=0

where we think of f as a map from M to IR* with constraint f(A) C N for all time.
Here A, will continue to denote the p-Laplace operator related to M and RF, e(f)
is the p-energy density and A(f) : TyN x TyN — (TyN)* is the second fundamental
form of N.

In order to prove existence results for problem (4.1) we encounter two main difficul-
ties:

(1) We have to assure that the image of f remains contained in N for all time:

f(M)c N cRFVt>0.

(2) The p-Laplace operator is degenerate for p > 2.

In Chapter 2 we considered the case N = S™. Due to the special geometry of the
sphere we overcame the first difficulty by the “penalty trick”. In case p = 2 the same
technique has been applied successfully for general N (see Chen-Struwe [16]). For
p > 2 this does not seem to work any more. Thus, we will try to solve the problem
with Hamilton’s technique of a totally geodesic embedding of N in IR* (see [59]).
Using this special kind of embedding, Hamilton was able to show local existence of
the 2-harmonic flow.

o1
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The second difficulty will be attacked by regularizing the p-energy: We will consider

BAf) =5 [+ )

M

We will then apply the theory of analytic semigroups to the corresponding regular-
ized operator. Due to the a priori estimates of Chapter 3 it will be possible to pass
to the limit ¢ — 0.

4.1 Totally geodesic embedding of NV in IR*

In a first step we will work with a special embedding of N in (IR*, h): We equip R”
with a metric h such that

1. N is embedded isometrically, i.e. the metric g on N equals the metric induced
by h.

2. The metric h equals the Euclidean metric outside a large ball B.

3. There exists an involutive isometry ¢ : T'— T on a tubular neighborhood T' of
N corresponding to multiplication by —1 in the orthonormal fibers of N and
having precisely N for its fixed point set.

Such an embedding is called totally geodesic: The h-geodesic curve v connecting
xz,y € N (z, y close enough) will always be contained in N. This follows from the
(local) uniqueness of geodesics and the fact that with « the curve ¢ o 7 is another
geodesic joining x and y.

A totally geodesic embedding can be accomplished as follows: We start with the
standard Nash-embedding of N C IR* and choose a tubular neighborhood T' of N:
T = Ty = {z € R" : dist(z, N) < 26} (0 small enough and dist the Euclidean
distance). Then we choose locally in N x| — 26,25[F" the metric h;; = g;; ® ;5 (or
like Hamilton in [59] we just take the average of any extension of g under the action
of ¢). Then we smooth out h by taking a positive C* function ¢ with support in
Ths and ¢ =1 on T and by defining h;; = ’(/)ilij + (1 — )by

4.2 The regularized p-energy

The p-energy as defined in Section 1.1 gives rise to the p-Laplace operator which is
degenerate for p > 2 and singular in case p < 2. For that reason it makes sense to
consider a regular approximation of the p-energy:
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Definition 4.1 For ¢ > 0 the reqularized p-energy density of a C*-mapping f :
M — N s

Y4
2

— % (5 -+ trace ((dfx)*dfx))

where the norm | - |, the adjoint star and the measure i are associated with the given
Riemannian metrics on M and N.

As in Chapter 1 we derive the equation for the heat flow of the regularized p-energy.
We find as the intrinsic form

(4.3) fr—ASf=0

where in local coordinates

1 9 afi afiNe Tt af
ef af af
(44) Apf (ﬁ (5 + v Gij Ore 81}6) g O +

/7 0xP

of o ) wopt O O

af g P
" (8 T g 5P Y Oz 0P

(g and ~y are the metrics of N and M respectively, Fﬁj denote the Christoffel symbols
related to g). It will be necessary below to attach the related target-manifold in the
notation; we will write %A or YA? for that.

The extrinsic form of this equation which we use if N is isometrically embedded in
the Euclidean space IR* is

(4.5) fi = Aof = (ec(N) TFASNY LV )

where in local coordinates
1 9 afi afiN:"' _of
- = apZJs I ap YJ
V7 028 <ﬁ (6 T o 8:1:5) R

In the next section we will look for a solution of the flow of the regularized p-energy.

Af

4.3 The flow of the regularized p-energy

Let us first state a theorem of A. Lunardi (see [81]). We will use a version which
was formulated by V. Vespri in [126].
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Theorem 4.1 Consider the following Cauchy problem in a Banach space X

fi = W(f(t)  fort>0
f(O) = fo

(4.6)

where v is a C? function from'Y to X, Y is a continuously embedded subspace of
X and fo € Y. Assume that

(i) the linear operator D(fy) : Y — X generates an analytic semigroup in X
and

(it) ¥(fo) €Y

then there exists a strict solution f (in the sense of Lunardi [81]) of (4.6) on a time
interval [0,7], 7> 0, and f € C'([0,7], X) N C°([0,7],Y). Moreover f is unique.

Now we will apply Lunardi’s Theorem to the regularized flow. To do this, consider a
totally geodesic embedding of N in (]Rk ,h) and the regularized p-Laplace operator
"AS Y — X with X = L*(M,R*) and Y = W?>2(M,R*) N C**(M,IR¥) for some
a > 0 (the fact that "A° maps Y in X is checked directly in the definition (4.4)). ¥’
is equipped with the norm || - ||| = || - |lw22 + || - ||c1.« and is hence continuously
embedded in X. On the other hand Y = X (the closure is taken with respect to the
L?*-norm in X) such that for any initial data fy € Y (ii) is satisfied. By expanding
hAZ(f o + k) we find the first derivative of the regularized p-Laplace operator:

(4.7)
DAY (fo) 1Y — X
B 2 - D ec(fo)) 27 (hig ok fi o fh,, +
+2hii 3 KV fh o+ VAP e(f0) 7KL, +
(& = D(pe-(fo)' oy T fi o fa 17 (hisk® £ o £, +
20 fi k) + (pea(fo) TPy P (TL, k5 fia o £, + 2T fa K2

Here upper indices denote components whereas , means %. It is not difficult to
check that for f,, — fin (Y, ]| - [I|) we have D("A%)(f.) = D("AS)(f) in L(Y, X) and
hence that the mapping f +— D(hA;)( f) is continuous. Analogously we find that
hA; has a continuous second derivative. The important facts about the operator

D(hAE)(fo) are

(1) The coefficients of D("A%)(fo) are of class C**(M).

(2) For e > 0 the operator D("A?)(fo) is elliptic in the sense that the main part
satisfies a uniform strong Legendre-condition.
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(1) is obvious. To see (2) we introduce normal coordinates in a neighborhood of
20 := fo(wo), i.e. hij(z) = ;. Then the main part of D("AS)(fo) in g is

AR 5 = peclfo)) ™ (0= 207 fi ™ fha + (pecl o)) 7770201 ) Ky

such that we get for an arbitrary vector £, and a uniform constant v > 0 depending
on the geometry of M

SAIN

AL = (pea(fo))' T ((p = 2)(trace(1€/0))* + (pea(fo) (6, )) = Ve

where (-, -) denotes the inner product induced by ~.

Another way to force ellipticity consists in using the observation that the main part
of D("A?)(fo) depends only on the metric h but not on its derivatives. For the
Euclidean metric h;; = 0;; the required ellipticity is obvious (see above). Then
ellipticity follows at least for metrics h which are close enough to the Euclidean
metric. But we can choose h as close as we want to the Euclidean metric by choosing
the d-neighborhood of N in the construction of the totally geodesic embedding small
(compare Section 4.1).

As Vespri has shown in [126] the conditions (1) and (2) guarantee that D("A%)(f,) :
Y — X generates an analytic semigroup in X. In fact, Vespri showed that under
these conditions there exist constants C', w > 0 such that for all ¢ € X and every
complex number A satisfying Re(\) > w there exists a solution u € Y of

(A =D(A) (fo)u=¢
with .
Jullx < o ol x -

(As a general reference for the theory of semigroups see e.g. Goldstein [55].)

Thus, we may apply Lunardi’s Theorem and get that there exists a unique local
solution f € C°([0, 7], W2*(M) N CY*(M)) N C([0, 7], L*(M)) of (4.3) with initial
data fy € Y. Furthermore we have

Theorem 4.2 If Tm(fy) C N, then Im(f(-,t)) C N for all t € [0, 7].

Proof

Let ¢ still denote the involutive isometry on the tubular neighborhood T of N C IR*
defined in Section 4.1. We proceed by contradiction. If the image of f does not
always remain in N, we can restrict ourselves to a smaller interval M x [0,7'],
7/ < 7, such that the image of f does not always remain in N but in the tubular
neighborhood 7" of N. Since ¢ : T' — T is an isometry, the composition ¢ o f is
another solution of (4.3). Since ¢ is the identity on N this solution has the same
initial value as f, so by the uniqueness of the solution we have to f = f. This shows
that the image of f must remain in the fixed point set N of ¢. a
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Theorem 4.3 If (N, g) is a totally geodesic embedded submanifold of (R*,h) and
f:M — NCIR" then 9ASf ="ACf.

Proof
We refer to Hamilton [59], Section IV.5, page 108. The proof there is given for p = 2
and € = 0, but it carries over to our situation. O

Thus, according to Theorem 4.2 we find that for initial data fo: M — N, fo € Y,
the solution f of (4.3) we found above satisfies f(M) C N for all ¢ € [0, 7] and is,
by applying Theorem 4.3 twice, a solution of (4.1).

Notice that since we have constructed the local solution for fized £ the existence
interval [0,7(¢)] might depend on e. So, we will have to show that 7(¢) 4 0 as
e — 0.

4.4 An e-independent existence interval

First we formulate the a priori estimates of Chapter 3 for solutions of the heat flow
of the energy F..

Theorem 4.4 Let [ : M x [0,7] = N C R¥, f € C°([0, 7], W»*(M) N CY*(M)) N
C([0, 7], L3(M)), be a solution of (4.1) with initial value fy. We assume that e < 1.
Then the following is true

(i / / OfPdudt + E.(F() = Eo(fo) < Er(fo)  (emergy incquality)
0 M

(i) There exist constants C, g9 > 0, only depending on M and N (but not on ¢
and fy), and Ty > 0 depending in addition on Ey(fo) and R* (e, f, M x {0}),
such that the condition

sup E1(fo, Bar(2)) < €9
rxeM

implies
E(J (1), Ba(®) < Ba(fo, Ban(e) + O () o
for all (z,t) € M x [0, min{r, Tp}].
(11i) There exists a constant €1 > 0 only depending on M and N (but not on € and

fo) such that
R* = R*(e1, f,M x [0,7]) >0

implies for every Q@ C M x [0, 7] with dist(2, M x {0}) =pu >0
IVl < C
where C is a constant that depends on p, Ey(fy), M, N, R* and p.
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(iv) For the same constant €1 as in (iii) we have that
R* = R*(ey, f,M x [0,7]) > 0
implies
IV fllz=@ixpm = €

where C' is a constant that depends on p, M, N, R* and the L*-norm of the
initial value V fy.

Proof

(i)—(iii): We obtain these assertions by repeating the corresponding proofs of Chap-
ter 3. Notice however that the regularized energy E. is not conformally invariant,
so every argument based on this fact would break down.

(iv) Here we repeat the three steps of Section 3.4-3.6: We obtain the L?-estimate
for Vf as in Section 3.4 by testing the equation by —@PAZf.

Using the L?!-estimate for Vf we get the Li-estimates for ¢ < 0o as in Section 3.5
by an iteration argument: In order to obtain the estimate up to ¢ = 0 we have
to choose the cutoff function ¢ independent of ¢, i.e. 0o = 0 (in the notation of
Section 3.5). Using the testfunction

—V(Vf(e+v)%¢%)
(with v = |V f]?) in (4.1) we find after some calculation the analogue of (3.37)

o +2a
e [V o+ / 0" 2

0<t<tg
Br

1 a+1 2 -2 o+ -2 £t
<o v, 0)¢ dx+2<oz+p 2+p7+(p+12)a)2)/v i
Br Qr

2dx dt .

The iteration yields
/ videdt < C
Qr
where C' now depends on the initial datum || Ba v+ (. 0)dx (cp denotes the initial

value of the iteration).

Finally as in Section 3.6 we use a Moser-iteration to get the L*°-bound for Vf.
Using the same testfunction as in the last step, we obtain the analogue of (3.41)

/ VO dr di <
Qr(o1)

<c /va+1(-,0)g2da:dt+/vp+2 2d:cdt+oz/vp+ -

R Qr Qr

142
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[teration yields

IVl wgnity) < ©

where C' now depends on the initial datum ||V fo|| oo (ar).- O

Now we combine (ii) and (iv): Let R = R*(%, fo, M x {0})/3. Hence, R is a
radius with the property

min{eg, €
sup El(fo, BQR(I‘)) < % .
zeM
Then (ii) implies that for all ¢ < T,
€1Rp

™ =T = T 4 1>
(fo) 2CB (f

the hypothesis of (iv) and hence the conclusion holds:
(4.8) IV fll oo uxog) < C

for t < min{7,T*} with a constant depending on M, N, p, and R.

Now, for the solution f : M x [0,7] — N of (4.5) constructed in Section 4.3 we
define B : M x [0,7] — R*, B = (pee(f))l_% (H)Vf,Vf)a. Then f is a solution
of
Ji— A;f =B

and the results of DiBenedetto [24] apply: We have that || B[z (arxj0,-) < C(fo) and
the operators {Af}.cjo,1 satisfy the structural conditions of [24], Section VIIIL1(ii)
(notice that B(x,t) does not depend on V f). Then we infer from [24], Section IX.1,
that V f is Holder continuous: there is a Holder exponent & > 0, independent of
and 7, with

IV fllcoaarxion) < C(fo)
(see also [24], Section VIII.1, p.216).

In order to find an e-independent existence interval for the solution we will also need
control of the second spatial derivatives in the L? norm:

By squaring the equation (4.5) and using an analogous estimate for the L?-norm of
ASf as in 3.23 of Section 3.4 (Chapter 3) we get

T T

5”_2//|V2f|2dxdt < //|V2f|2(5+|Vf|2)p‘2dxdt§
M

0 0 M
// |A f|da dt <
0 M

T T

c//|ft|2dxdt+c//|Vf|2pdxdt
0 M 0 M

IA

IN
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with a constant ¢ dependent on the geometry of the problem. Thus, combining (4.8)
and Theorem 4.4(i) we get

(4.9) (V2 f|2dx dt < C(e, fo)
/]

for t < min{r, T*}.

But we need more, namely an L?(M)-bound for V?f which is uniform in ¢. For
simplicity we carry out the calculation in the case of the flat torus M = IRP/ ZP.
Then the regularized p-Laplace operator is

Bof =V (VfE+IVARET) .

We have (formally)
@) [ e =

t
d
:/\Af (-,0)] 2dx+%//|A§f|2d:cdt:

0 M
t

/\AE 2daz+2//A5f V(V e+ V)it +

+(E—1)Vfle+ |Vf| )**QVf -V fi)dz dt.

Now we multiply the gradient of (4.1) by (¢ + |V f|?)2~" and test the resulting
equation with —VAF f and obtain

(4.11) AF-V(Vfi(e+ |VfHE ) de dt+
/]
+//\m;f|2<g+\w\2)’é1dxdt:

_ / / (VASF) (e + [V IV ((pee(£) 7 AF)(VE V) <

< %ftf\VAsf\ (e + |V f|?) 2 dx dt +
oM
+%6f 15 (e +|VIPRE UV ((pe(f) TAS)VE, V) Pda dt

In the last step we used Young’s inequality. On the other hand we build the inner
product of the gradient of (4.1) and V f, multiply with (2 —1)V f(c+|Vf[?)2 =2 and
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finally test the resulting equation again with —VAZ f to obtain

(4.12) V(VIE -1V Vil +|Vf?)E)drdt +
[ [e

+// (VAL (VALSf) -V (5 — V(e + [Vf2) 52V f)dw dt =
0 M

/ / (VASF) - (V(pec(f) FANTL V) - VIE — 1) + [V 252V f)du di <
M
SPTQM (VASS V)2 e + V|25 2dw dt +

[IV(pe(F) P AN L V)PV + |V f[2)E2da dt

M

+p

[
(V)
o, o

In the last step we again used Young’s inequality. Combining (4.10) with (4.11)
and (4.12) and using the L*-estimates for V[ together with (4.9) we obtain for
t < min{r,T*}

IV2FC )llezany < €

where C' depends on ¢, ||V fo|l r2(ar) and ||V fol| oo ar)-

Remark: The calculations above only make sense, if V3f and Vf, are in suitable
Li-spaces. We justify these calculations for a solution f with the regularity we have,
by working with the function

t+h
t) = %/f(a:, s)ds

and by replacing spatial differentiation by building finite-difference quotients wher-
ever this is necessary (see e.g. [25]).

Now we can prove that [0,7*(fy)] is the existence interval for the solution of the
heat flow of the energy E. independent of € by “continuous induction”:

Let

I={te[0,7*] : 3& > 0,3f a solution of (4.1) on [0, ] with
feC0,t], W2(M) N CH*(M)) N CY([0,t], L*(M)) and initial value fo} .

Then the interval I is not empty (according to Section 4.3). But I is also open: If
t € I, then we can extend the solution beyond ¢ by solving the flow with initial value
f(t) which is possible as we have seen in Section 4.3. On the other hand by our time
independent bounds for the quantities ||V f|| 2, |V fllcoaar and || fell L2arxo)
on [0, 77| the interval [ is also closed and hence I = [0,T™].

Thus, we have
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Theorem 4.5 There exists a constant ¢o > 0 depending on M and N with the
following property:

For arbitrary fo : M — N C R, fy € CY*(M)NW?22(M) there exists a time T* > 0
only depending on E(fy), R*(g2, fo, M x {0}) and the geometry of the problem such
that for every e €]0,1] there exists a solution f € C°([0, T*], W>*(M)NCH¥(M)) N
CH[0,T*], LA (M)) of (4.1) with initial value fo. Moreover there exist e-independent
bounds for the following quantities:

| fellzauxppry < C(EL(fo))
”vf”Loo(MX[O,T*]) < C(va()HLOO(M))
IVfllcosuxory < CUVfollcownn)

Of course the constants C also depend on p, M and N. The constant & depends on
a and ||V foll oo (ar)-

Combining Theorem 4.4 (iii) with DiBenedetto’s result in [24], Theorem 1.1°, Chap-
ter IX, we obtain also

Theorem 4.6 For the solution f from Theorem 4.5 we have for every open 2 C
M x [0, T*] with dist(Q, M x {0}) =p >0
IV fllcos@ < C

for some constants C' (depending on p, E1(fo), M, N, R*(eq, fo, M x {0}) and )
and 3 €]0,1[ (depending on p, M and N ).

4.5 The limit ¢ — 0

Let f. denote the solution of the heat flow of the energy E. (with initial value fy)
on the time interval [0,7%], that we have constructed in the previous section. The
aim is to pass in the distributional form of (4.1) on [0,7*] to the limit. Due to
the e-independent bounds given in Theorem 4.5 we know at least that { f:}.cj,1 is
bounded in W12(M x [0, T*], N). Thus, we can choose a sequence &5, — 0 such that

foo— f weakly in WH2(M x [0, 7], N).

But by the bound for the C%%norm of V f. we can pass to a subsequence if necessary,
and obtain (observing that C%%(M x [0,T*]) € C*%/2(M x [0,T*]) compactly) that

V.= Vf strongly in C%2(M x [0,T7]).

Now, for a C§° testfunction ¢ we can pass to the limit g, — 0 in
7 T afi afiN:t oL\ o
2
O, f- dp dt — op2Je 2 o8 Ze ) D2 4 dt =
// [ dp +//ﬁ<\/’_7<6+7 axaaxﬁ) gl axa>a:c6“
0 M 0 M

_ 7 / o (pe(f) AV . V).
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Thus, we have proved the following theorem

Theorem 4.7 There exits a constant €5 > 0 depending on M and N with the
following property:

For arbitrary fo : M — N C RF, fo € CY(M)NW?22(M) there exists a time T* > 0
only depending on E(fy), R*(g2, fo, M x {0}) and the geometry of the problem, and
a local weak solution f: M x [0,T*] — N of

fi—Ap,f L TyN
f(,O) = fO-

[ satisfies the energy inequality. Furthermore ||V f||co.aarxjo ) < CUIV follcoear)
and ||V flleexor)) < CUIV follzeny). The constants C' also depend on p, M
and N. Locally, for every open  C M x [0,T*] with dist(2, M x {0}) = p > 0,
there holds ||V fl|cos) < C for some constants C' (depending on p, E(fo), M, N,
R*(e9, fo, M x {0}) and p) and €0, 1] (depending on p, M and N ).

For small initial data, i.e. if ||V follze(uy < €1, the existence is global (g is the
constant from Theorem 4.4).

Proof

We have already seen that f is a weak solution of the flow on [0, 7*]. The energy
inequality follows in the limit ¢ — 0 from Theorem 4.4 (i) and the bounds for
|V flleoarxors) and ||V flzearxpo,r+) from Theorem 4.5. The local bound for
|V fllcosq) follows from Theorem 4.6. O

4.6 Short Time existence for non-smooth initial
data

We can now prove short time existence for a wider class of initial values:

Theorem 4.8 There exits a constant €5 > 0 depending on M and N with the
following property:

For given initial value fy € WYP(M, N) there exists a time T* > 0 only depending
on E(fo), R* (g2, fo, M x {0}) and the geometry of the problem and a weak solution
f:Mx[0,T*] - N of
fi—Ayf L TyN
f( ’ 70) - fO .

f satisfies the energy inequality. Locally, for every open Q@ C M x [0,T*] with
dist(Q2, M x {0}) = pu > 0, there holds ||V f|lcos) < C for some constants C
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(depending on p, E(fo), M, N, R*(ea, fo, M x{0}) and ) and 5 €0, 1] (depending
onp, M and N ).

For small initial data, i.e. if |V fol|zrar) < €1, the existence is global.

Proof

From Bethuel-Zheng [4] we infer that C*°(M, N) is dense in W?(M, N). Hence, we
can approximate the given fy by smooth functions: there exists a sequence {¢;, } nemw
in C*(M, N) such that ¢, — fo in WYP(M, N). Let f, denote the solution of

of—Ayf L TyN

Notice that for every ¢ > 0 there exists a radius R > 0 such that sup,c,; E(on,
Bgr(z)) < eforalln € IN. According to the construction of the time 7™ in Section 4.4
there exists an existence interval [0, 7], T* > 0, valid for every solution f,. Using

the energy inequality of Theorem 4.7 for the solutions f,, we find a subsequence (still
denoted by f,) such that

fn — f weakly* in L> (0, T*; W'P(M, N))
and
8tfn — @f Weakly in L2 (O, jw7 L2<M))

The local estimate on ||V f,|[co.sarx(e,r+) for £ > 0 also from Theorem 4.7 implies
(after passing to another subsequence) that

Vfn — V£ strongly in C%%/2(M x [t, T*]).

Choosing t = TT we obtain, by iterated extraction of subsequences and passing to
the diagonal sequence, that

V[, — Vf strongly in C%%/2(M x [t,T*])

for all t > 0. This allows to go to the limit n — oo in the weak form of the equation
for f,.

The energy inequality and the local estimate for ||V f||co.s) < C also follow in the
limit. O

4.7 Global existence and partial regularity

Once we have established local existence for initial data in W'?(M, N), we can try
to extend the local solution beyond an occurring singularity. It will be possible to
find an a priory bound for the number of singular times which enables us to obtain
global existence by repeating the extension finitely many times.
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Theorem 4.9 For given initial value fo € W'P(M, N) there exists a weak solution
f:M x[0,00[— N of

fi—Ap,f L TyN
f(,O) = fO-

f satisfies the energy inequality and is in WYP(M) weakly continuous in time. There
exists a set 3 = UK 3 x {T}}, X € M, 0 < Ty < 00, such that on every open set
Q C M x [0, 00[ with dist(€2, (M x {0})UX) = pu > 0 there holds ||V f|cos) < C
for some constants C' (depending on p, E(fy), M, N and u) and B €]0,1] (de-
pending on p, M and N). The number K of singular times is a priori bounded
by K < e;'E(fo) and the singular points (x,T}) are characterized by the condi-
tion limsup, g, E(f(t), Br(z)) > &1 for any R > 0. At every singular time Tj, the
decrease of the p-energy is at least £1:

E(/(1)) < lminf E(/(1) = &1

Proof
We can extend the local solution of the last section, which is defined on [0, 7], to a
maximal interval [0, 7| where T is characterized by

(i) Vf e C2P(Mx]0,Ty]),

loc

(ii) there exists z € M such that limsup, ~;, E(f(t), Br(z)) > €1 for any R > 0.

In fact, if f is a solution on I = [0,¢[ or I = [0,#] such that Vf € C2?(M x I) and
for all z € M there exists R > 0 with limsup, », F(f(7), Br(x)) < €1, then there
holds R* = R*(ey, f,M x I) > 0. According to the construction in Section 4.4 we
set
o SlB) 1
ACE(fo)

and can then find a solution of the p-harmonic flow with initial value f(-,t — L-)
on the time interval [t — Z-, ¢ + Z-]. (This extension of the solution is unique as we

will see in the next Chapter.)

Now, the energy inequality implies that
(4.13) fO,t) = f(-,Ty)  weakly in W"P(M).

In fact, since f; € L*(M x [0,T}[) we have that f;(x, -) € L*(0,T}[) for a.e. x € M,
and hence we can write f(z,Ty) = f(x,0) + fOTl fi(x, s) ds for almost all z € M and
f(z,t) = f(x,Th) a.e. v € M as t / T;. On the other hand, since ||f(-,t)||wren
is bounded on [0, 7;] we have (4.13) at least for a sequence t; * Ti. To prove that
we have convergence for an arbitrary sequence t, T we argue as follows: Let

¢, € LP (M) be fixed. Then we have for ¢, € C>®(M)
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/((f(l% t) = [z, T1)p(x) + V([ (x, 1) = [z, T1))(x)) dp| <

S/\f(ﬂ?,t)—f(LTl)I\5($)\dﬂ+/|f(x7t)—f(fcaTl)\|<b(37)—<5(3?)\d/~t+

T / V(1) — fla, TO)d()dp + / V(1) — fl, T) () — D)l dp <

<max\q§ |/|f:ct a:Tl)\d,u—ir

= [0 - sz /|¢> o)+
s max [Vo(o)] [ 1£(e.0) = f(o Tldu+
. 7
[ 19t - £ TP / 6(2) — ()

Let some € > 0 be given. Since f(-,t) is bounded in WP(M) we can make the

second and the fourth term each smaller than £ by choosing ¢ close to ¢ and ¢ close
to ¢ in L (M). Then, by choosing ¢ close to T} the first and the third term become
smaller than § (this follows by Lebesgue’s theorem).

On the other hand we have seen that at time 77 there exist points « € M such that
(4.14) limsup E(f(-,t), Br(x)) > &
t

T

for any R > 0. Now for such a point x satisfying (4.14) and for R > 0 let Mg =
M \ Bgr(z) and Ey = E(f(0)). Then we have

(4.15) Ey—¢e1 > Ey—limsup E(f(t), Br(z)) >
t/‘Tl

> liminf (E(f(t) — E(f(t), Br(x))) =
= lig}nfE(f(t),MR) >

> B(f(Th), Mg) *=5% B(f(T1), M) 2 0.
From (4.15) we conclude that we have
E(f(Th) < By — &
for the energy at time 7.

Now, for any Q CC M x]0,T1]\ 31 x {T1} (X; the set of singular points, i.e. the set
of points satisfying 4.14)), there exists a radius R > 0 depending on €2 such that

sup E(f(t), Br(x)) <ey.

(z,t)eQ
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Thus, our solution f on [0, T} extends to a solution on M x [0,71]\ 3y x {T})} with
Vfe Q).

In view of (4.13) we can use f(-,7}) as new initial value and iterate this process.
Piecing all the resulting solutions together, we obtain a global solution as asserted.
Applying (4.15) at every occurring singular time T}, we conclude that we are a priory
given an upper bound for the number K of singular times T},... , Tk, namely

i < EU0).
€1




Chapter )

Uniqueness Results

5.1 Preliminaries

In the case p = 2 Struwe proved the uniqueness of the harmonic flow in the con-
formal case within the class V(M7T N) (see Section 3.2 and Struwe [107]). In the
nonconformal case uniqueness fails to be true even in the case p = 2 as counterexam-
ples of Coron show (see Coron [20]). So, we may expect uniqueness results for p > 2
only in the conformal situation. In order to start we state the following technical
lemma which is quite similar to Lemma 2.2.

Lemma 5.1 Let p > 2. Then there holds for all a,b € R*
(Ja"~2a — [b[~2b) - (a — b) > cla— bJ2||a] + [b]|" .

with a constant ¢ > 0 which only depends on the inner product.

Proof
By a suitable rotation and dilatation, the problem reduces to two dimensions where
the verification is elementary. In the case of the standard inner product the best

. . _ 1
possible constant is ¢ = 5. a

5.2 Uniqueness in the class L>(0,T; W1°>°(M))

In this section we show that if two solutions of the p-harmonic flow coincide at time
t = 0 they coincide on the time interval [0, T'[ provided the L*-norm of the gradients
remains bounded during that time.

67
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Theorem 5.1 Let fi, fo be weak solutions of

{%—Apf L TN
flizo = fo

and suppose that for t € [0,T[ there holds |V fi| + |V f2] < C < oco. Then f1 = fo
on M x [0,T].

Proof
We test the difference of the equations for f; and for f, with the testfunction v =
f 1— f 2 and get

f|v £)|?du +
o on 2 —1a of2 0fa\5 — 12 ) 0
v / J (03 8% — 120 — (o 2 )E — 1208 o9 (34 — 283) it <
0 M
t

c//(|v| Vol VEP + 2| VEP) dudt
0

M

with the shorthand notation |VF| := |V fi| + |V fa].
The second term /7 on the left hand side of (5.1) is estimated by

(5.2) II > c//|Vv|2|VF|p‘2d,udt.
0

This inequality follows from Lemma 5.1.

Now we interpolate the term on the right hand side of (5.2) by using Young’s in-
equality for the first term on the right of (5.1):

t
(5.3) // ||Vl [VEP dyudt <

0 M
t 1 t
< %//|Vv|2|VF|p2dudt+2—€//v2\VF\pd,udt.
0 M 0 M

Putting all the above inequalities (5.1)—(5.3) together, we get

(5.4)
/|v 2d/i—|—//‘VU‘ V- 2dudt<c//\v| VP dpdt.

Using the assumption |[VF| < C on M x [0,T[ we get from (5.4)

(5.5) /|v H)|2dp < c// vidp dt
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with a new constant ¢. The right hand side of (5.5) is increasing in ¢ and hence we
get

t'€[0,t] t'€(0,¢]

sup / (- )2 < et sup / o+, ).
M M

Thus, for t < % we get v = 0 for ¢’ € [0,t]. Iteration of the argument proves the
assertion (notice that the constant ¢ remains the same during the iteration process).
([

By a slight modification of the above proof, we get the following theorem

Theorem 5.2 Let f; and fs be weak solutions of

{%—Aef 1 TyN
f‘t:O = fo

for initial data fo € W1°°(M). Then there exists £, > 0 such that

/|Vfo|de <&
M
implies fi = fo for allt > 0.

Proof
We repeat the proof of the above local uniqueness theorem and point out that

sup / IV filPdu < &1
te[0,7

Br
and hence by Theorem 4.4 Vf; € L>(M x [0,T]) holds for all T > 0. Thus, the
assertion follows by iteration. O

t
Since we did not make use of the term [ [ |Vo[*|VF[P~2dudt in (5.4) the question
0 M

arises whether we could prove uniqueness in the class L>(0,T; W1P(M)) in the
conformal case without the quite strong assumption that Vf is bounded. This
question is connected to the following problem which is answered only in case p = 2
by Hélein:

A regularity problem: Suppose M is of dimension m = p and f € WYP(M, N) is
weakly p-harmonic. Is it then true or not that f € Wh*°(M, N) (and consequently
feCH™(M,N))?

If this conjecture is false, i.e. if there is a weakly p-harmonic map f € WP(M, N)\
Wt (M, N) with p = dim(M) then we have an example of a non-unique flow in
the class L>(0,T; W'P(M)): In fact, as we showed in the previous chapter the p-
harmonic flow with initial data f has a local weak solution g such that the gradient
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|Vg| is finite for ¢ > 0. On the other hand f (considered as constant in time) is a weak
solution of the p-harmonic flow for the same initial data, but V f remains unbounded
for any time. In other words: Uniqueness of the flow in the class L>°(0,T; W1P(M))
would imply regularity of weakly p-harmonic maps.

5.3 Finite-time blow-up

A question arising in connection with the previous section is whether or not in
the conformal case singularities develop in finite time. In the case m = p = 2
Hélein’s regularity result for harmonic maps suggests that this might not be the
case. On the other hand, results of Lemaire [74] and Wente [129] are pointing in the
opposite direction. Finally, the answer was given by Chang, Ding and Ye in [10],
where an example of finite time blow-up is presented. For p > 2 there are recent
regularity results for weakly p-harmonic maps from the p-dimensional ball into a
sphere, which are for this rather special geometry the analogue of Hélein’s result
(see Strzelecki [117] and [118]). Unfortunately it seems quite difficult to modify the
example of Chang, Ding and Ye to the case p > 2, since the p-Laplace operator in
the chosen symmetry looks a lot more difficult than in the regular case: In fact for
p = 4, the ansatz

f:B{(0) = S (z,t) — <% sin(h(\x|,t),cos(h(\x|,t))

with a new unknown function h satisfying h(0,t) = 0, leads to

(5.6)
h =3 <hm~ N h7 B sin(2h)) (hi N sinQ(h)) N 3sin(2h) (hi B M)

22 72 72 72

for the function h(r,t). As for p = 2 the functions

Ualr) = 20 = 2arctan (£)
AT ) = arccos )\2 n 7“2 = z arctan \

build a family of solutions of the stationary equation (5.6): using this function in the
ansatz we obtain the composition of a dilatation in IR* and the inverse stereographic
projection (and hence a conformal mapping) which is a weakly 4-harmonic map. But
it seems difficult to modify this solution to obtain an explicit subsolution which blows
up in finite time. Especially the function

g(r,t) = u(r®) + e (r)

with [(t) — 0 for t — T (i.e. g.(0,t) — oo for t — T') which was used by Chang,
Ding and Ye does not seem to work any more. To obtain at least an idea of the
behaviour of the solution of (5.6) we make some numerical calculations.

We apply a Crank-Nicolson type method: Let r; = ¢Ar be the discretization in the
radial direction and suppose that in these points the numerical approximation h;
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at some time ¢ > 0 is known. Let A} denote the unknown values at the next time
step t’. Then, we approximate the derivatives in (5.6) by the following difference
quotients:

1
hy =~ " t(h/i h;)
1
h, =~ —4Ar(hi+1 = hioy + hiyy = hiy)
1
hpp = m(hiﬂ — 2h; + Ry + Riyy — 20 + i)

Hence, the collocation points of best common approximation are (r;, (t'+t)/2). The
resulting system of nonlinear equations for the unknown values A may be solved by
Newton’s method. The length of the time step is dynamically adapted dependent
on the convergence of Newton’s method.

The following pictures have been produced on a Sun SPARCstation 10 in several
hours running time. The first graphic shows the solution in r (front axis) and ¢

(backward axis). As initial value we have chosen the function of Chang, Ding and
Ye.

Figure 5.1: Numerical solution of (5.6)

The next picture is probably more instructive: it shows the numerical approximation
of h,.(0,t) as a function of time.

So, at least the numerical solution shows the phenomenon of finite-time blow-up.
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Figure 5.2: Finite-time blow-up of h, at r =0
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