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Darwin an Wallace, 1866

«I do not think you understand what I mean by the non-blending
of certain varieties. It does not refer to fertility ; an instance I will
explain. I crossed the Painted Lady and Purple sweetpeas,
which are very differently coloured varieties, and got, even out
of the same pod, both varieties perfect but not intermediate.
Something of this kind I should think must occur at least with
your butterflies ...»
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G. H. Hardy (1877 – 1947) und Wilhelm Weinberg
(1862 – 1937)

Christoph Leuenberger Die Eva der Mitochondrien



Fisher-Wright Modell

1.2 Wright-Fisher model 5

1.2 Wright-Fisher model

We will begin by considering a genetic locus with two alleles A and a that have
the same fitness in a diploid population of constant sizeN with nonoverlapping
generations that undergoes random mating. The first thing we have to do is
to explain the terms in the previous sentence.

A genetic locus is just a location in the genome of an organism. A common
example is the sequence of nucleotides that makes up a gene.

The two alleles, A and a, could be the “wrinkled” and “round” types of peas
in Mendel’s experiments. More abstractly, alleles are just different versions of
the genetic information encoded at the locus.

The fitness of an individual is a measure of the individual’s ability to survive
and to produce offspring. Here we consider the case of neutral evolution in
which the mutation changes the DNA sequence but this does not change the
fitness.

Diploid individuals have two copies of their genetic material in each cell. In
general, we will treat the N individuals as 2N copies of the locus and not
bother to pair the copies to make individuals. Note: It may be tempting to
set M = 2N and reduce to the case of M haploid individuals, but that makes
it harder to compare with formulas in the literature.

To explain the terms nonoverlapping generations and random mating, we use
a picture.

A a a a

a a A a

a a A A

a A A A

generation n

→

generation n+ 1

Fig. 1.3. Wright-Fisher model.

In words, we can represent the state of the population in generation n by an
“urn” that contains 2N balls: i with A’s on them and 2N − i with a’s. Then,
to build up the (n + 1)th generation, we choose at random from the urn 2N
times with replacement.

Let Xn be the number of A’s in generation n. It is easy to see that Xn is a
Markov chain, i.e., given the present state, the rest of the past is irrelevant for
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Ronald A. Fisher (1890 – 1962) und Sewall Wright
(1889 – 1988)
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Hardy-Weinberg Gleichgewicht

Allele : A rote Blätter
a weisse Blätter

Genotyp Häufigkeit

AA p2

Aa 2pq
aa q2
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Hardy, 1908

«To the Editor of Science : I am reluctant to intrude in a
discussion concerning matters of which I have no expert
knowledge, and I should have expected the very simple point
which I wish to make to have been familiar to biologists.
However, some remarks of Mr. Udny Yule, to which Mr. R. C.
Punnett has called my attention, suggest that it may still be
worth making ...»
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Markov-Eigenschaft des Fisher-Wright Modells

Definiere : Xt = Anzahl Allele A in Generation t

pi(t) = Prob(Xt = i), i = 0,1, . . . ,2N

Pij = Prob(Xt+1 = i |Xt = j) =

(
2N
i

)
pi(1− p)2N−i

mit p = j/2N

Dann gilt : pi(t + 1) =
2N∑
j=0

Pijpj(t)

p(t + 1) = P p(t)

p(t) = Pt p(0)
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Matlab-Simulation des Fisher-Wright-Modells
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Eigenvektoren

Pvk = λkvk , k = 0,1, . . . ,2N,

mit λk = 1,1,1− 1
2N , (1− 1

2N )(1− 2
2N ), . . . ,

2N−1∏
i=1

(1− i
2N ).

Setze p(0) =
2N∑

k=0
ck vk .

Verteilung nach t Generationen

p(t) =
2N∑

k=0

ck λ
t
k vk

Christoph Leuenberger Die Eva der Mitochondrien



Verteilung der Allele

Figure 6.1: Distribution of gene frequencies (given as number of copies of the A allele
out of 20) among replicate populations in a diploid Wright-Fisher model with N = 10
and initial frequency p0 = 0.3 after 2 (top), 10 (middle), and 40 (bottom) generations.
Note that when almost all populations are fixed (T = 40) the remaining populations
are distributed nearly uniformly over the unfixed classes.

so that

E(xt) = E(xt−1) = ... = E(x1) = p0. (VI-19)

The mean gene frequency over replicates stays at the same value, the initial gene frequency. This
has one immediate implication: the probability of fixation of A is the same as its initial frequency.
When all populations have become fixed for one allele or the other, the mean gene frequency of A
will be the same as the fraction of populations which have fixed A. So this must be the same as
the initial gene frequency, by (VI-19).

This accords well with intuition. The process of genetic drift results in all gene copies ultimately
being derived from a single copy in the initial generation. The genetic identity of the alleles in those
initial copies has no effect on their chances of being the progenitor, since there is assumed to be
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Stationäre Verteilung

p(∞) =




1− X0/2N
0
...
0

X0/2N



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Martingal-Eigenschaft

Setze xt = Xt/2N

E(xt |xt−1) = xt−1

E[E(xt |xt−1)] = E(xt−1)

Somit :

E(xt ) = E(xt−1) = . . . = E(x0) = x0
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Berechnung der Varianz von xt

xt+1 = xt + et

E(et |xt ) = 0

V(et |xt ) = E(e2
t |xt )− [E(et |xt )]2 = xt (1− xt )/2N

E(x2
t+1|xt ) = E((xt + et )

2|xt )

= x2
t + 2xtE(et |xt ) + E(e2

t |xt )

= x2
t + xt (1− xt )/2N

E(x2
t+1) = E(x2

t ) + E(xt )/2N − E(x2
t )/2N

= E(x2
t )

(
1− 1

2N

)
+ E(xt )/2N
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Berechnung der Varianz von xt (Forts.)

E(xt ) = x0, V(xt ) = E(x2
t )− x2

0

E(x2
t+1) = E(x2

t )

(
1− 1

2N

)
+ E(xt )/2N

x2
0 + V(xt+1) =

(
x2

0 + V(xt )
)(

1− 1
2N

)
+ x0/2N
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Berechnung der Varianz von xt (Forts.)

x2
0 + V(xt+1) =

(
x2

0 + V(xt )
)(

1− 1
2N

)
+ x0/2N

x0(1− x0)− V(xt+1) = (x0(1− x0)− V(xt ))

(
1− 1

2N

)

x0(1− x0)− V(xt+1) = x0(1− x0)

(
1− 1

2N

)t+1

Varianz von xt

V(xt ) = x0(1− x0)

[
1−

(
1− 1

2N

)t
]
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Heterozygotie

Ht : Wahrscheinlichkeit, dass zwei Allele
der Generation t verschienden sind

Gt = 1−Ht : Wahrscheinlichkeit, dass zwei Allele
der Generation t identisch sind

Ht+1 =

(
1− 1

2N

)
Ht

Ht = H0

(
1− 1

2N

)t
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Effektive Populationsgrösse

H0

(
1− 1

2Neff

)t

= H0

t−1∏

i=0

(
1− 1

2Ni

)

exp(− t
2Neff

) ≈ exp(−
t−1∑

i=0

1
2Ni

)

Harmonisches Mittel

Neff ≈
(

1
t

t−1∑

i=0

1
Ni

)−1
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Mutation versus Drift

µ = Wahrscheinlichkeit einer Mutation in einen
neuen Zustand (infinite alleles model)

Gt+1 = (1− µ)2
[

1
2N

+ (1− 1
2N

)Gt

]

≈ (1− 2µ)

[
1

2N
+ (1− 1

2N
)Gt

]

≈ 1
2N

+ (1− 1
2N

)Gt − 2µGt
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Mutation versus Drift (Forts.)

Ht+1 ≈ (1− 1
2N

)Ht + 2µ(1−Ht )

∆Ht ≈ − 1
2N
Ht + 2µ(1−Ht )

= ∆driftHt + ∆µHt

Im Gleichgewicht : ∆Ht = 0

Ĥ =
4Nµ

1 + 4Nµ
=

θ

1 + θ
wobei θ = 4Nµ
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John F. Kingman (geb. 1939)
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Locking Backward : Kingman’s Coalescent

Time

Figure10.2:Thecoalescenceoflineagesinpopulationreproducingaccordingtoa
Wright-Fishermodel.Thedarklinesshowthegenealogyatthegenelevelofasample
ofthreecopiesofthegene.

byJ.F.C.Kingman(1982a,1982b,1982c).Itcharacterizesthetreeofancestryofgenecopiesin
suchanisolatedpopulation.

Kingman’sresultisanapproximation,butaveryaccurateoneinmostcases.Considerthe
lineagesofancestryfromncopiesofagene,inapopulationofsizeN,wheren�N.Each
copywillhavesuchalineage,extendingbacktoaparent,agrandparent,agreatgrandparent,and
beyond.Itisimportanttorealizethatwearetalkingaboutthelineageofcopieswhicharetraced
backtopreviouscopies,notindividualstracedbacktopreviousindividuals.Figure10.2showsthree
suchlineagesofgenecopiesinapopulationof12individuals.Eachindividualhastwoimmediate
ancestors,buteachgenecopyhasonlyone(forexampleyourmaternalcopyoftheHemoglobinβ
locusmaycomefromyourmother’sfather,andspecificallyfromhispaternalcopy,whichcomesin
turnfromhisfather’smaternalcopy,andsoon.
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Coalescent-Baum von Kingman

1.2 Wright-Fisher model 9

time to the first collision converges to an exponential distribution with mean
2/k(k − 1). Using terminology from the theory of continuous-time Markov
chains, k lineages coalesce to k − 1 at rate k(k − 1)/2. Since this reasoning
applies at any time at which there are k lineages, the desired result follows.

The limit of the genealogies described in Theorem 1.4 is called the coa-
lescent. Letting Tj be the first time that there are j lineages, we can draw a
picture of what happens to the lineages as we work backwards in time:

T1

T2

T3

T4

T5 = 0
t5

t4

t3

t2

3 1 4 2 5

Fig. 1.5. A realization of the coalescent for a sample of size 5.

For simplicity, we do not depict how the lineages move around in the set
before they collide, but only indicate when the coalescences occur. To give the
reader some idea of the relative sizes of the coalescent times, we have made
the tk proportional to their expected values, which in this case are

Et2 = 1, Et3 = 1/3, Et4 = 1/6, Et5 = 1/10

T1 is the time of the most recent common ancestor (MRCA) of the sample.
For a sample of size n, T1 = tn + · · ·+ t2, so the mean

ET1 =
n∑

k=2

2

k(k − 1)
= 2

n∑

k=2

(
1

k − 1
− 1

k

)
= 2 ·

(
1− 1

n

)

This quantity converges to 2 as the sample size n → ∞, but the time, t2, at
which there are only two lineages has Et2 = 1, so the expected amount of time

tk = Anzahl Generationen, während denen
k Abstammungslinien vorhanden sind
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Erwartungswert von tk

W’keit, dass zwei Töchter

die gleiche Mutter wählen ≈ k(k − 1)

2
· 1

2N

Prob(tk > m) ≈
(

1− k(k − 1)

2
· 1

2N

)m

≈ exp
(
−k(k − 1)

2
· m

2N

)

= e−λm wobei λ =
k(k − 1)

4N

E(tk ) =
1
λ

=
4N

k(k − 1)
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Zeit bis zum MRCA

MRCA = «Most Recent Common Ancestor»

TMRCA = Anzahl Generationen bis zum MRCA
für ein Sample von n Individuen

TMRCA = t2 + t3 + . . .+ tn

E(TMRCA) =
n∑

k=2

E(tk ) =
n∑

k=2

4N
k(k − 1)

= 4N
n∑

k=2

(
1

k − 1
− 1

k

)
= 4N

(
1− 1

n

)

E(TMRCA) ≈ 4N = 2 · Populationsgrösse
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Mitochondriale DNS

Control region
or "d-loop"

12S rRNA

16S rRNA

NADH
Dehydrogenase

subunits

Cytochrome Oxidase
subunits

ATP Synthase
subunits

Cytochrome Oxidase
subunits

NADH
Dehydrogenase

subunits

NADH
Dehydrogenase

subunits

Cytochrome b

13 protein-encoding regions

22 tRNA-encoding genes

Christoph Leuenberger Die Eva der Mitochondrien



Basensequenz der mtDNA (Beginn)

gatcacaggt ctatcaccct attaaccact cacgggagct ctccatgcat ttggtatttt cgtctggggg gtgtgcacgc gatagcattg cgagacgctg

gagccggagc accctatgtc gcagtatctg tctttgattc ctgccccatt ccattattta tcgcacctac gttcaatatt acaggcgagc atacttactg

aagtgtgtta attaattaat gcttgtagga cataataata acgactaaat gtctgcacag ctgctttcca cacagacatc ataacaaaaa atttc-

cacca aaccccccct cccccgcttc tggccacagc acttaaacac atctctgcca aaccccaaaa acaaagaacc ctaacaccag cctaac-

caga tttcaaattt tatcttttgg cggtatacac ttttaacagt caccccctaa ctaacacatt attttcccct cccactccca tactactaat ctcatcaata

caacccccgc ccatcctacc cagcacacac cgctgctaac cccatacccc gagccaacca aaccccaaag acacccccca cagtttatgt agct-

tacctc ctcaaagcaa tacactgaaa atgtttagac gggctcacat caccccataa acaaataggt ttggtcctag cctttctatt agctcttagt aa-

gattacac atgcaagcat ccccattcca gtgagttcac cctctaaatc accacgatca aaagggacaa gcatcaagca cgcaacaatg cagct-

caaaa cgcttagcct agccacaccc ccacgggaaa cagcagtgat aagcctttag caataaacga aagtttaact aagctatact aaccccaggg

ttggtcaatt tcgtgccagc caccgcggtc acacgattaa cccaagtcaa tagaagccgg cgtaaagagt gttttagatc accccctccc caa-

taaagct aaaactcacc tgagttgtaa aaaactccag ttgacacaaa ataaactacg aaagtggctt taacatatct gaacacacaa tagctaa-

gac ccaaactggg attagatacc ccactatgct tagccctaaa cctcaacagt taaatcaaca aaactgctcg ccagaacact acgagccaca

gcttaaaact caaaggacct ggcggtgctt catatccctc tagaggagcc tgttctgtaa tcgataaacc ccgatcaacc tcaccacctc ttgctcagcc

tatataccgc catcttcagc aaaccctgat gaaggctaca aagtaagcgc aagtacccac gtaaagacgt taggtcaagg tgtagcccat gaggtgg-

caa gaaatgggct acattttcta ccccagaaaa ctacgatagc ccttatgaaa cctaagggtc gaaggtggat ttagcagtaa actgagagta

gagtgcttag ttgaacaggg ccctgaagcg cgtacacacc gcccgtcacc ctcctcaagt atacttcaaa ggacatttaa ctaaaacccc tacg-

cattta tatagaggag acaagtcgta acatggtaag tgtactggaa agtgcacttg gacgaaccag agtgtagctt aacacaaagc acccaactta

cacttaggag atttcaactt aacttgaccg ctctgagcta aacctagccc caaacccact ccaccttact accaaacaac cttagccaaa ccatttaccc

aaataaagta taggcgatag aaattgaaac ctggcgcaat agatgtagta ccgcaaggga aagatgaaaa attataacca agcataatat ag-

caaggact aacccctata ccttctgcat aatgaattaa ctagaaataa ctttgcaagg agagccaaag ctaagacccc cgaaaccaga cgagc-

tacct aagaacagct aaaagagcac acccgtctat gtagcaaaat agtgggaaga tttataggta gaggcgacaa acctaccgag cctggtgata

gctggttgtc caagatagaa tcttagttca actttaaatt tacccacaga accctctaaa tccccttgta aatttaactg ttagtccaaa ...
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Y-Adam und Eva der Mitochondrien
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Wie sah Eva aus ?
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Anzahl segregierende Sites

Sn = Anzahl segregierende Sites
in einem Sample von n Individuen

Ttot = Gesamtlänge des Baumes

E(Ttot ) = E

[
n∑

k=2

ktk

]
=

n∑

k=2

kE(tk ) =
n∑

k=2

k
4N

k(k − 1)

= 4N
n∑

k=2

1
k − 1

≈ 4N ln n

E(Sn) = µ · E(Ttot ) = θ ln n wobei θ = 4Nµ

Schätzer für θ

θ̂ =
Sn

ln n
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Coalescent mit Migration

Time

m21 m32

m m12 23

1 2 3

Figure 10.4: Migration and coalescence in three populations. Looking backward, the
events are, in order, coalescence in population 3, coalescence in population 2, migration
to population 1 from population 2, migration to population 3 from population 2, coa-
lescence in population 3, migration to population 2 from population 1, coalescence in
population 1, and coalescence in population 2.

THE APPROXIMATION. The coalescent approximation, which is quite accurate, becomes
more so the smaller n is compared to N . Technically it is a diffusion approximation. If we take
N → ∞, the time for n lineages to coalesce to fewer than n does not approach a limit, because it
has mean 4N/(n(n− 1)), which becomes infinite. But if we make the same time scale change that
a diffusion approximation does (as we saw in Chapter VII), there is a limit. If time is measured
in units of N generations, then the distribution approaches an exponential distribution with mean
4/(n(n − 1)) of these units. The distribution then converges. Note that this same limit also
guarantees that with probability 1, the coalescence involves two lineages and not more.

This change of time scales is often ignored. It is often good enough for practical purposes to
say that the coalescence time is exponentially distributed with mean 4N/(n(n−1)), as I have done
above. Many other complications in the breeding system can be handled by simply replacing the
actual population size N with the effective population size Ne.

X.5 Coalescents with migration

If there are two or more populations, with constant rates of migration mij from population j into
population i, the coalescent distribution of genealogies is easy to obtain. As we go back in time,
with ni lineages in population i, whose size is Ni, there is a constant rate n1(n1 − 1)/(4N1) of
coalescence in population 1, n2(n2 − 1)/(4N2) in population 2, and so on for all the populations.
There is also a constant rate mij , for each lineage in population i, of events in which it proves to
be newly arrived from population j by a migration event at that time. Figure 10.4 shows a series
of events in three populations in which there is migration and coalescence.

We can use this figure to show how to draw a genealogy in a coalescent with three populations.
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aus The Autobiography of Charles Darwin

«I attempted mathematics, and even went during the summer
of 1828 with a private tutor (a very dull man) to Barmouth, but I
got on very slowly. The work was repugnant to me, chiefly from
my not being able to see any meaning in the early steps in
algebra. This impatience was very foolish, and in after years I
have deeply regretted that I did not proceed far enough at least
to understand something of the great leading principles of
mathematics, for men thus endowed seem to have an extra
sense.»
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