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Helmholtz BVP and plane wave basis

Boundary value problem

For domain Ω ⊂ R2,

−∆u− ω2u = 0 in Ω

∇u · n + iωu = g on ∂Ω

Plane wave basis

Mesh Th of Ω.

Nonconforming test and trial

space

Vh = {span of p plane waves

eiωddd·xxx on each K ∈ Th} .
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PWDG method

Plane wave discontinuous Galerkin method

Find uh ∈ Vh such that for all vh ∈ Vh∫
∂K

ûh∇vh · n − iω

∫
∂K

σ̂h · n vh = 0

for all K ∈ Th.
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Find uh ∈ Vh such that for all vh ∈ Vh∫
∂K

ûh∇vh · n − iω

∫
∂K

σ̂h · n vh = 0

for all K ∈ Th.

Trefftz method Basis functions in kernel of Helmholtz operator

in every K ∈ Th

 no volume integrals.
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ûh∇vh · n − iω

∫
∂K

σ̂h · n vh = 0

for all K ∈ Th.

Numerical fluxes

ûh(uh) ≈ uh|∂K σ̂h(uh) ≈ ∇uh

iω

∣∣∣∣
∂K

weakly ensure interelement continuity and boundary conditions.

For a particular choice of ûh, σ̂h: recover ultra-weak variational

formulation (UWVF) of O. Cessenat and B. Després.
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h-Convergence

(ω =

6

4)

Energy norm ‖v‖2ω =
∑
K∈Th

|v|2H1(K) + ω2 ‖v‖2L2(Ω)
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h-Convergence (ω = 64)
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Pollution of discrete solution

For large ω, convergence is ‘delayed’.

Cause: error in phase of discrete solution (dispersion), i.e. the

discrete solution uh has wavenumber ω̃ instead of ω.

Error in energy norm (for odd p ≥ 3, numerically determined):

‖u− uh‖ω ∼ (ωh)
p−1

2

+ ω(ωh)p−1

as h→ 0
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Dependence of dispersion on propagation direction

Dispersion Re(ω̃ − ω)

Dissipation Im ω̃

Dispersion and dissipation vanish

in propagation directions of plane

wave basis functions.

Flexibility of PWDG method:

propagation directions of basis

functions are arbitrary.

Adaptivity: Use dominant wave

directions of exact solution!

Claude J. Gittelson (ETHZ SAM) PWDG CNS/SNK 25.4.2008 6 / 9



Dependence of dispersion on propagation direction

Dispersion Re(ω̃ − ω)

Dissipation Im ω̃

Dispersion and dissipation vanish

in propagation directions of plane

wave basis functions.

Flexibility of PWDG method:

propagation directions of basis

functions are arbitrary.

Adaptivity: Use dominant wave

directions of exact solution!

Claude J. Gittelson (ETHZ SAM) PWDG CNS/SNK 25.4.2008 6 / 9



Dependence of dispersion on propagation direction

Dispersion Re(ω̃ − ω)

Dissipation Im ω̃

Dispersion and dissipation vanish

in propagation directions of plane

wave basis functions.

Flexibility of PWDG method:

propagation directions of basis

functions are arbitrary.

Adaptivity: Use dominant wave

directions of exact solution!

Claude J. Gittelson (ETHZ SAM) PWDG CNS/SNK 25.4.2008 6 / 9



Dependence of dispersion on propagation direction

Dispersion Re(ω̃ − ω)

Dissipation Im ω̃

Dispersion and dissipation vanish

in propagation directions of plane

wave basis functions.

Flexibility of PWDG method:

propagation directions of basis

functions are arbitrary.

Adaptivity: Use dominant wave

directions of exact solution!

Claude J. Gittelson (ETHZ SAM) PWDG CNS/SNK 25.4.2008 6 / 9



Adaptive basis (possible approach)

Idea

Error eh(x) = uh(x)− u(x) ≈ c eiωddd·xxx for x ∈ K

=⇒ use eiωddd·xxx as a further basis function on K

To extract the propagation direction d from a plane wave

eh(x) = eiωddd·xxx =⇒ d =
∇eh

iωeh

Propagation direction dh of new basis function:

d̃h = Re
1

|K|

∫
K

∇eh

iωeh

, dh =
d̃h

|d̃h|
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Convergence of adaptive method
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Summary

Homogeneous Helmholtz BVP: plane wave basis more efficient

than polynomials

Dispersion causes delay in onset of convergence for large ω

Adaptive basis selectively decreases dispersion and leads to

more economical discretizations than uniform basis

C.J. GITTELSON, R. HIPTMAIR AND I. PERUGIA,Plane wave

discontinuous Galerkin methods, M2AN (Submitted).
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